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Dedicated to the memory of Professor Fredrick Almgren, Jr. 
1. Introduction 

In this paper we present a new fixed point formula associated with loop group 
actions on infinite dimensional manifolds. This formula provides information for 
certain infinite dimensional situations similarly as the well known Atiyah-Bott- 
Segal-Singer's formula does in finite dimension. A generalization of the latter to 
orbifolds will be used as an intermediate step. 

There exist extensive literature on loop groups, loop algebras and their represen- 
tations. What set the present work and [CI] apart is the focus on representations 
of the central extensions of the loop groups, induced from Hamiltonian actions; get- 
ting explicit formulas which determine the multiplicities of the irreducible highest 
weight components, hence the structure of the induced represenations. 

The results in [CI] show that the highest weight vector occurring in an induced 
representation are carried by a compact variety, provided the setup meets certain 
general conditions. In particular geometric quantization is generalized to the setting 
of loop group actions. The results here link the representations with local data on 
fixed points. In that direction, we also obtain a new multiplicity formula. 

The current paper can be read either as a sequel to [CI] or on its own. 

The original motivation was to understand in geometric setting a conjecture 
by Verlinde [V]. From it the better known Verlinde formula was derived [V, MS]. 
As the project progressed, it became clear that Verlinde's conjecture is the tip 
of an iceberg. Representations of the central extensions of loop groups, induced 
from Hamiltonian actions on infinite dimensional manifolds, can be related to local 
geometry at the fixed point sets. 

Application in a forthcoming paper will include a direct proof of the aforemen- 
tioned conjecture. 

More interestingly the we construct a class of G-orbifolds called fusion product 
which are geometric dual to the product in Verlinde fusion algebra. 

Much has been done about Verlinde formula, we refer the readers to [F,Be] for 
references. 



1.1. Some notations. Let G be a connected and simply connected compact simple 
Lie group, and T be a maximal torus. Let W be its Weyl group, t+ be the positive 
Weyl chamber and P, P+ the sets of weights and dominant weights respectively, after 
fixing a set of simple roots. Let D = Yi a >o(^ — e~ a ) denote the Weyl denominator, 
be the highest root of q. On 9, fix an invariant bilinear form (•]•), so that 
(8 V \8 V ) = 2 where 9 V is the coroot corresponding to 6. The bilinear form induces a 



Supported in part by a Sloan Fellowship. 

1 



2 



S. CHANG 



map v : i — ► t* and a bilinear form on t*. The lattice in t generated by {W(9 V )} is 
denoted by M, and 

M* = {te t| (t\n) e Z,Vn G M}. 

Let fr v be the dual Coxeter number, p the half sum of positive roots. Define the 
affinc alcove and the set of dominant weights in there respectively as 

C = t+ n {a\ (a\6) < 1}, Pi = {A G P+\ (A|0) < fc} = P+ n kC. 

The face C aff in G defined by = 1 is special, in particular 

d{U weW wC) = \J weW wC &s . 

The lattice fc ^ v induces a finite subgroup of T, exp(2-7r^~ 1 fcp-y ). The subset 

(1.1) {e 2xil/_1 w|AGP^} 

plays an important role in this paper. An useful observation is that each element 
t in that subset is a regular element of G. 

1.2. Assumptions on A. Let A be a Banach manifold on which LG acts, o> be 
an invariant symplectic form and \i be the associated moment map at level k G Z + , 
i.e., 

(lA^ig'x {fc} 

where elements of Zg have one degree less of differentiability than those in Iq. Being 
a moment map, fi is equivariant with respect to the LG-action on A and the co- 
adjoint action on Iq° x {k}. The co-adjoint action loses one degree of differentiability, 
hence the target of H is lg° x {k}. We assume in this paper the following unless 
stated otherwise: 
HI: n proper; 

H2: n(X) is transversal to t x {k}. More details are given in Section 2. 

1.3. The highest weight modules of the induced representations. In [CI], 
we studied holomorphic actions by a loop group LG, when A is complex. Let 
N + C LG C denote the subgroup whose Lie algebra is sum a> o((g)„. It consists 
of non-constant boundary values of holomorphic maps from the unit disk to G c , 
together with constant maps with values in the positve nilpotent group of G c . 

Suppose L is an holomorphic LG-line bundle over A. We proved in [CI] that 
there is a compact complex T-orbifold Xn and an orbifold T-line bundle Ljv, so 
that H°(Xn,Ln) carries all the highest weight vectors of H°(X, L). In other words, 
as T- modules: 

H°(X N ,L N )~H Q (X,L) N+ . 

The orbifold A^r naturally can be viewed as the compactification of the quotient of 
X/N + . Therefore this compact model of A carries the same amount of information 
as A, in terms of understanding the induced representation. 

To X N obviously one can apply the fixed point formula, a certain generalization 
of Atiyah-Bott-Segal-Singer results to orbifold, and get informations about the T- 
equivariant Riemann-Roch RR(Ajv,Ljv), thus the structure of 7J°(Ajv, Ln). But 
compactification involves adding certain locus, and additional fixed points sets on 
the locus. To understand those new fixed points is not an easy issue, even when 
dealing with finite dimensional groups, e.g. the compactification of symmetric 
spaces. 
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However here we will find a solution to resolve this problem here, utilizing the 
affine Weyl group W aS . As it will be shown by examples, this solution is the best 
one can hope for. 



1.4. Description of the main result. The main result in this paper does not 
require X is complex, although that situation motivates the construction of Xm 
and later consideration. 

Let Y = G Xt Xn, the line bundle Lm induces Ly on 7. If the original line 
bundle is of level k s Z (or the moment map /i is of level k), which means the 
central part of LG, S , acts on L with character k, the following function on T will 
be uniquely determined by its restriction to {e 27r4!/ fc+r^jA e P+}'- 



The function RR(Y", Lq) can be defined directly from (X, L). It is given by 



where M a is the reduced space of X at a, L a is the line bundle induced from L, 
Xa is the G-character function of the highest weight representation defined by a. 

What geometric data are needed to determine this function? Before answering 
that question, let's motivate the discussion by first detailing the holomorphic case. 
As mentioned earlier, the quotient X/N + , after throwing away some bad orbits, 
can be compactified by Xn- The compactification locus has its image given by the 
boundary of the affine chamber C. The chamber is a simplex if G is simple, and 
is a product of simplices if G is semi-simple. For generic A, Ajy is an orbifold and 
strata in the compactification locus are in 1-1 correspondence with the sub- faces 
of C. Particularly interesting here are the strata {Xq} whose images are on the 
affine wall C aff . Each Xq has a corresponding subvariety in Y = G XtIjv, Yq. 
The collection {Yq} is part of the compactifying strata in the G-space Y. 

Each t g {e 2 ™ - w|A e P.£} is a regular element in T. Thus its fixed point 
sets {V} in X has images under /z in t. Each component V will induce a subvariety 
Va in Ya = wXn C Y. And it also induces a subvariety Vq = Va n Yq. The 
collections {Va}, {Vq} will be used to determine RR(Y")(t). 

We emphasize that in general r has lots more fixed point sets than {Va}, {Vq} on 
the compactification strata in Y. Not all of the fixed points in the compactification 
are in the closure of the interior ones. So the important feature of the main result 
is that only the closure of the interior r-fixed points {Va}, and their intersection 
with strata in the compactification {Vq}, matter in determining RR(Y")(t). This 
feature manifests the underlying affine Weyl group symmetries, and is not known 
to hold in finite dimension. 
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Main Theorem 1. At r £ {e 2mv t^\\ e P^}, the following holds: 
RR(T)(r) 

= RR(M a ,L a )xa(T) 



E 



Td(y A )Ch(Ly A ) 
y A det nor( y AiY) (l - t- l e~ a ) 



V 1 V f Td(V Q )Ch (L Vq g A max nor(T/ Q , y A )|y Q ) x 



VqCV a 



W^\\Iv Q I 7y Q det nor(yo>yQ) (l - f-V 



where Wq 1 C VF aff is ifce subgroup preserving Q, Iy Q is the isotropy group associ- 
ated with Vq and r!y Q is the set of liftings of r. Furthermore, each integral above 
can be localized to the T -fixed point sets F in Va, Vq respectively to yield: 

(1.2) RH(y)(r)= £ FC(f)(r)+ft(r) 

{F| M (F)eVK(C i " t )} 

w/iere 

FC F (r)=/, Td ^ Ch ^) (T) . 



iwaffiij I 2^ y deUfy^fl-He-") lTj ' 

{F|0(F)GlV(C aff )} * t(^T I p noT(f,Y Q )\ I 

where C mt is the interior of C , is the subgroup of W ati preserving 4>(F)> an d 

If the isotropy group of F. 

Remark: 1). Similar to an earlier comment, the interesting feature in the second 
expression above is that only those F on the intersection Va H Yq matters. Other 
T-fixed points on the compactification locus Yq do exist and there are lots of them, 
but they do not contribute to RR(F)(r) as it will be shown. 

2). The presence of If, tIf, Wq > t ^Vq in fixed point formula is a common feature 
in orbifold setting, this has been known for a while. 

Consequences on LG-modules are given in Section 10. 

1.5. Riemann-Roch of the reduced spaces. The previous result provides a way 
of computing the Riemann-Roch numbers of the reduced space M a = n~ 1 (a)/(LG) a 
via certain fixed point sets. 

Corollary 1.1. 



RR(Ma,L a ) = 

j ( m/ j E X a (r)D 2 (r)( £ FC(F)(r)+ft(r)) 

l(k+hv) M | Te{e 2*i.-i^ |Aepfc} {FMF)ekW(c^)} 

where a — wl{—o) with wl being the longest element in W (or the highest weight 
in the contragredient representation to the one defined by a). 
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Remark: The above extends Verlinde's formula for moduli space of flat connec- 
tions over Riemann-surfaces. 

If X is holomorphic and H l (M a , L a ) = for i > 0, then the above formula gives 
the multiplicities of the irreducible component with highest weight (a, k) for the 
LG representation on H°(X,L). 

In finite dimension, the Riemann-Roch number of the reduced space can also be 
expressed in terms of the fixed points. The expression is obtained only recently as 
an application of Atiyah-Bott-Singer-Segal's formula and the recent in [M]. 

1.6. What's in the proof? The theorem is proved based on two main ingredients, 
both utilize the Weyl and affine Weyl group symmetries. 

After applying directly fixed point formula for orbifolds to Y, one ends up with 
many terms of contributions from the fixed point sets on the compactifying locus. 
There are two kinds of them, those of the first kind have their images on W(dC \ 
C afi ), we prove using Weyl group symmetry that their contribution amounts to 
0. The second kind are those with images on VF(G aff ). Their contribution to 
the equivariant Riemann-Roch also amounts to 0, provided we restrict them as 
functions on T to the subset {e 27ri!/ m^|A e P\}, and each term has no pole on 
the subset. This is proved using affine Weyl group symmetries. 

We shall refer to the above phenomenon as cancellation, it is based on the fun- 
damental formula of Section 6 and several identies proved in Section 7. Also it 
requires detailed analysis of the fixed points on the compactification locus. 

The second ingredient starts with the surgery formula in Section 12, it enables 
us to deal with the second kind of fixed points when poles are present. Their con- 
tribution is encoded in the function TZ : {e 2mu 1 *& r \\ 6 P\} —> C. The exact 
expression of TZ is determined using transformation rule of the affine Weyl group 
acting on the Riemann-Roch integrand, together with symplectic cuts. The calcu- 
lation is rather elaborate. 

The construction of the space Xn, was first done in 1993 prior the symplectic 
cuts. It shares certain similarity with the symplectic cuts, except the cuts are made 
along the degenerated parts of the two form u|/U _1 (t). The resulting space is only 
symplectic outside the inverse images of dC . The surgery formula for this kind of 
cuts is quite different from that using symplectic cuts, as shown by Prop. 12.1. 

The cancellation mentioned earlier has a consequence called twin pair construc- 
tion. It says that for a generic compact symplectic manifold with a Hamiltonian 
G-action, there is a different G-orbifold, with identical equivariant Riemann-Roch. 

1.7. What is ahead? As mentioned earlier, applications will be given in a forth- 
coming paper. 

In a separate paper, the result here will be improved so that all symplectic 
LG-manifolds, with compact quotient X/LG, will be covered. The present results 
assume the generic condition that 

fi(X) clgx {k} c fg 

is transversal to t. 

1.8. Organization of the paper. In section 2, we discuss the construction of 
Xn- The paper [CI] emphasizes on the holomorphic aspects of Xm while here 
the construction builds around the symplectic structure. Several new results are 
presented here, including the existence of LG-invariant almost complex structures 
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on a class of LG-manifolds. The existence of T-invariant almost complex structure 
on Xn is proved as well, which is not trivial considering that the symplectic form 
on Xn is degenerate. 

Section 3 contains the description of the fixed point sets, and their stratification 
which is a must since Xn is an orbifold. And the fixed point formulas on orbifolds 
rely not only on the fixed points but their stratification as well. Section 4 includes 
the computations of weights of the induced T-action on the normal bundles to the 
fixed point sets and their lower strata, while Section 5 computes the curvatures of 
various components of the normal bundles. 

The root of the cancellation is the the fundamental formula presented in Section 

6. I proved this formula in 1994. The original proof was based on comparison of 
two different compactifications of G c . Both have the same Riemann-Roch but have 
different fixed points. Hence one yields an identity, then by induction on the rank 
of the group, one proves this formula. The result in Section 12 generalizes this 'twin 
pair' construction. The present proof is simplified by applying an identity which 
can be found in [M]. 

Another important component in proving the cancellation is described in Section 

7. Section 8 addresses a complication which occurs when G ^ SU(n). For those 
groups, the affine alcove may not be a simple simplex, with respect to the weight 
lattice. In constructing A at, this fact introduces addition orbifold singularities. 
That section describes the extra components of the isotropy groups associated with 
the orbifold singularities. 

Section 9 provides a way of computing the push-forward of certain cohomol- 
ogy classes on a fibration whose fibers are homogeneous spaces like K/T. Several 
integration formulas there can be viewed as localization formulas for families. 

In section 10, we discuss the relations between T-spaces and G-spaces, characters 
of T-modules and G-modulcs. Several consequences of the main theorem are proved. 

Section 11 proves the main cancellation which has a couple of consequences 
discussed in Section 12, including the 'twin pair'. The proof of the main result is 
completed in the last section after we find an expression for the remainder term. 

1.9. Acknowledgment. I am indebted to Prof. Kac who answered my questions 
with great patience and insight, to Prof. Liu for many enjoyable and informative 
conversations. E. Mcinrenken and C. Woodward asked an interesting question 
about the first version of the results, I thank them for discussion. Words of encour- 
agement from Professors Cheng and Stroock have been valuable. Last but not the 
least, I am grateful to my family for their support and patience. 
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2. Basic properties of the variety X n 

Many properties presented here were proved in [CI], with the exception of the 
existence of a LG- invariant almost complex structures on X, and a T- invariant one 
on Xn. In [CI], X is assumed to be holomorphic, therefore it is not necessary. We 
list the important properties for Ig, X, Xn here. 

2.1. Basics of affine Lie algebra. Let g be the Lie algebra of G and T be 
a maximal torus with t as its Lie algebra. The discussion works without much 
modification for semi-simple Lie groups. Let LG be the loop group associated with 
G, and Ig = LieLG. 

For functions on S 1 , we use the t £ [0, 1] to parameterize them. The Fourier 
series components are {e 2wm *}. On Ig, there is the following well defined form in 
terms of the invariant non-degenerate form (-|-) on g c : 

(a\b) = f (a(t)\b(t))dt £ M. 
Jo 

It induces a symplcctic form on Ig/g: 

B(a,b) = (a'\b) = f (a' (t)\b(t))dt 
Jo 

where a' = da/dt, t £ [0, 1]. The form is degenerate when restricted to the constant 
g. We choose the form on g with the condition that (8 V \9 V ) = 2 or cquivalcntly 
(9\9) = 2, where 9 V is the coroot corresponding to the highest root 9 of g. As 
pointed out in [PS, p. 46], the associated form B defines the smallest integral class 
on LG. 

The affine Lie algebra based on g, g aS , is defined as 

g aS = Ig © Rd © RK, 

where K is the central element and d= d/dt is the differentiation. The Lie bracket 
is 

[£ + \d + cK, ri + \'d + c'K] = [£, T]] + AdT? - \'d£ + B(£, rj)K. 

The central extension of Ig, Ig, is given by g aff = Ig © M.K. It is the Lie algebra of 
LG which is a circle bundle over LG, whose existence of LG is proved in [PS]. 
The Lie algebra dual g aR * is given by 

aff * = Ig* ©M<5©MA . 

The bilinear form (-|-) extends to g aS , g aS * , so that it is invariant. Its restriction 

to the 2-dim subspace M.d © M.K, is of the form ^ ^ . Sec [K, Ch. 6] for more 

details. Continue to use v for the map g aS — > g aR * defined by (-|-). The bilinear 
form gives 

v(lg®Rd) = Ig* © RA . 

The simple roots of g aS consists of simple roots of g together with a '■= 5 — 9. 
Suppose that {E[, F-} are the Chevalley basis of g, let E' , Fq £ gg , so that 

where — E is the Chevalley involution of Fq, define 

e = z®E' , /o = z _1 ©Fo. 
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For su(2), the pair is 

'0 z\ / 



o oy \ Z - L o y 

The pair e , fa together with = E[, fc = F(, 1 < i < I generate Iq c . 
The positive affine roots 7 e A + (g aff ) are 

{n<5 ± a\n > 1, a e A+(g)} U A+(g) U {n<5|n > 1} 

and accordingly the basis of the root spaces are E 1 = z n E' ±a ,E' a or z n h ai where 
{E' a } is the root space basis of g. The basis of the compact form are 

{•£7 — e 7 ~~ /71 2/7 *(e 7 + / 7 )} 

where 7 > 0. The standard complex structure J ls on Zg/t which inherits from the 
map n + — ► Zg/t ~ lg c /(n~ + t c ) has this description: 

(2.1) J z s(x 7 )-y 7 , J ( % 7 ) = -x 7 . 
By direct computation, for h G t, we obtain 

x 7 = 27rny 7 , y 7 = -27mx 7 ; 

(2.2) [/J, x 7 ] - (-lf^^/i)/^ - -(-l) si ^ a (% 7 ; 
[h,y 7 ] = -(-l) sisn{a) a(h)/ix 7 = {-if^ a ha{h) Xl . 

Hence for £ = ax i + ^7; 

(JO' + J£]) - - ^(27rn - (-ir^ a ha(h))(ax 7 + by 7 ); 

(2 ' 3) (( Jtf + [h, J£\)\0 = - E( 2 ™ + (-l) sign(Q) aWA)(|a| 2 |x 7 | 2 + |6| 2 |y 7 | 2 ). 

Now suppose that ^7/1 is in the affine alcove C, then 



2ni 

n 



+ (-l) s ^)—a(h) =< nS ± a, » 0, 

v ; 2tti ' 2m ~ 



because all the positive roots are positive on C + ^fj, (our definition of d differs 
from that in [K], hence the extra constant). Therefore ((</£)' + [h, J£])\Q < 0. Let 
^(^v) = (C + [hit,]] 7 !), earlier calculation shows that 

Lemma 2.1. The form 0(-, J-) is semi-positive definite. 

2.2. Adjoint and co-adjoint action. Let £, -q G Ig, then [£ + a<i, 77] = [£, 77] + adi] 
which integrates to 

5 _1 (C + ad)g = Ad g -i £ + ag~ 1 dg + ad G g aff . 

The linear map z/ : g afi — > g aff * defined by (-|-) has the effect that j/(^ + ad) = 
i/(£) + aA , therefore the adjoint action by g is given by 

Definition 2.1. The adjoint action on h + aA is 

gag" 1 + ag-^g- 1 + ad. 

The level of h + aA is a, thus the adjoint action preserves the level. In case of 
level 1, the projection to the Ig part is exactly the gauge transformation. 
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2.3. Topology on LG. Since the group LG we are dealing with is the mapping 
space Map(S ,G), there is the question as to which norm is used for completion. 
The norms defined by B(-, J lB -), J' 8 -) are not strong enough. The weakest norm 
which is sensible geometrically, is the i? 1 -norm. We can use other Hilbcrt metrics 
or Banach metrics as long as they are stronger than l/^-norm. 

Convention: The convention here is to let Ig = H(S 1 ,g) be the space of maps 
completed under the norm of choice, and LG be the corresponding group. Set lg° 
to be the set with one degree less of derivative, i.e., 

lg° = H'{S\g) = {ti\helg}®g. 

It is another completion of C°°(S 1 ,g), so that the map 

helg^ti e lg° 

is Fredholm and bounded. 

We will simply use Ig for Ig , just keep on mind that the target of fi consists of 
elements with one degree less of differentiablity. 

2.4. Loop group actions and the assumptions HI, H2. Let X be a Banach 
manifold with a differentiable action by LG, 

H : X -> Ig © R ~ Ig* © MA 

be a moment map associated with a symplectic 2-form lu on X . The isomorphism 
~ is defined by the restriction of v. The moment map is equivariant with respect 
to the LG-action on X and the adjoint action on Ig* © RAo, 

Remark: The Banach norm on TX does not have to be invariant; and the positive 
definite form lu(-, J-), in general, defines a topology weaker than the Banach norm, 
for any compatible almost complex structure on the tangent space. 

Definition 2.2. fj, is of level k e Z + if fJ,(X) C Ig x {k}. 

Remark: The topology on Ig © R as described makes the co-adjoint action a 
bounded map. 

The following assumptions will be made: 

HI: \i is proper with aforementioned topology. 

H2: /j, is transversal to t x {k} in Ig x {k}. 

The first one is essential and is equivalent to the compactness of X/LG, and the 
second is technical. 

Assuming HI and H2, then X t = /i _1 (t x {k}) is a finite dimensional subman- 
ifold. It is not symplectic, ui\Xi has serious degeneracy. And it may not even be 
orientable. Whenever the stabilizer of fi(p)/lp in Ig, (Zg) jU ( p ), has a semi-simple 
part, uj\ Tp x t is null on (lg)^ p) /T. 

2.5. Toric bundle X over LG/T. It is a fundamental fact that the affine Weyl 
group W aff acts on t x {k}, the quotient domain of the action is given by a simplex 
k(C, 1) where C is the affine alcove of g. One can also consider the action by W afi 
on the dual space t* x {k}, the quotient domain is kC* with C* given by 

C* = {A| (a|A) > 0, (0|A) < 1} = {A| < a v , A >> 0, < 6 V , A >< 1} 

where a v , 9 V are the coroots. The above descriptions of C, C* are the duals of each 
other, through the map v : t — > t*. 

When there is no confusion, we will not distinguish between C, C* . 
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The simplex C* is not simple with respect to the weight lattice, the edges do 
not form a base of the weight lattice of t. In fact the edges are given by 

Ai/aJ, i = l,...,l 

where I is the rank of g, {A^} is the set of fundamental weights of g and {a^} are 
the labels in the dual Dynkin diagram. More on this can be found in [CI]. 

From the theory of toric varieties, we know that there is an orbifold toric variety 
X g and an orbifold line bundle Ln associated with C. The pair is the quotient of 
CP 1 , H by a finite group, where H is the hyperplane line bundle. The details are 
in [CI]. 

Given X g , we can associate with it a toric bundle over LG/T: 

X = LGx T X B , (gt,z)~(g,tz). 

The quotient is well defined since T is compact and the action is free of fixed points. 
The group LG has the same topology as described earlier. 

The construction of X given here dated back to 1993. 

There are many nice characteristics about X, we list a few needed later. 

On X, there is an action by LG and T respectively, the two actions commute. 
The actions by LG, T satisfy the Hamiltonian conditions with moment maps given 

by 

: X lg° x {1}, : X -> t. 
Let $ = (<j>, 1) G t x {1}. Then 

f i x {[g,z]) = Ad g (4>(z)) 

that the above is independent of the choice of (g, z) in [g, z] is evident. Let Tjj>] = 
Iq/KB T z X b . The 2-form on X can be described as 

wx|[j,,]((£,a),(»7,&)) - (£' + [<p(z),t]\r])+Lu x Ja,b) a,beT z X g £, v G Zfl/t. 

The form is degenerate whenever <fi(z) hits the boundary of the affine alcove C. The 
null space is generated by (LG) S ?/T where (LG)^ is the stabilizer of (0,1). The 

complex structure J is defined as: J|z B /t = J lg while on T Z X S , it is given by the 
original one on T Z X S . The choice of this complex structure is due to the following 
reasons: 

1) . The action by t 6 T on the left is 

t(9,z) = (t9,z) - (tgt^^z). 

2) . We want highest weight modules, rather than lowerst weight ones. 

2.6. The variety Xn- Reverse the complex structure on X, so that — fi is the 
moment map, and — uj is compactible with the complex structure — J. 

The variety Xn which is important to our study can now be described as follows: 

X N - {*-\Q)/LG - {(p, q)Hp) = k m (q)}/LG, 

where * = — /i+fc^x : X x X — > Zg° is the moment map associated with the diagonal 
action by LG on the product space, with the 2-form — ui + ujx- 

The sign here is chosen so that no inversion of the complex structure on X is 
necessary, this way we still get the highest vectors in the end. 

Notice the level of * is 0. Set 



Y c = l i- 1 (kCx{k}), 
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by H1,H2 it is a compact manifold with boundary. 

The following shows that the toric variety can be used to close the gash which 
is the boundary of Yq. 

Proposition 2.1. The space Xn is 

{(p,q)€Y c xX g \v(p) = k4>(q)}/T. 

The proof is simple, since each pair (p, q) with ^(p, q) = can be conjugated to 
(p 1 , q') G Y c x T X B with n{p') = k^x(q') 6 k(C, 1); the pair is unique up to T. 

From this description, considering the assumptions HI, H2, it is clear that Xn 
is a compact orbifold. The claim that Xn is holomorphic whenever X is complex 
is of more subtle nature, it is proved in [CI]. 

Because T, LG commute on X, the action by T descends from the product X x X 
to Xn- So does the moment map <j>. The form — ui + wx when restricted to \E'~ 1 (0) 
is invariant under the LG-action, thus it descends down to a form on Xn- Denote 
it by ujn- The pair 0, ujn satisfy the conditions for Hamiltonian action, though ujn 
is degenerate. 

When X is not complex, we will see there is an T-invariant almost complex 
structure J on Xn, such that wjv(-, J-) is semi-positive definite. If lun on Xn 
is symplcctic, the existence of such a J is well known. For degenerate ujn, the 
existence is not automatic. 

2.7. The existence of an LG-invariant J on X. The existence result only needs 
assuming HI. 

Step 1: Existence of a positive bilinear LG-invariant form on X. 

Let {v} be the vertices of k(C, 1). There are I + 1 of them where I is the rank of 
g. For each v, let C v be fc(G, 1) after removing the face opposite to v. Let W v be 
the Weyl subgroup in W aS generated by reflections with respect to walls passing v. 
It is well known that W v is finite and is the Weyl group of (LG) V which stabilizes 
v under the co-adjoint action. Now set 

which is an open set. It is the star-shaped region with center v if we view the images 
of C under W aR as a triangulation of t x {k}. E.g. when q = su(2), C = [0,1] 
while Oq = (-1,1), Oi = (0,2). 

Clearly U v O v is an open cover of k(C, 1), and there exists a partition of unity 
{ip v } subordinate to the covering, and tp v is invariant under W v . Define 

S v = /^(Ad^o^Cg); S a = pi-\AA LG O a ). 

Using the conditions on fi, we have: 

S a = LG(S a ) = LG x {LG)a (LG) V (S V ), 

and {S a } is a LG-invariant open cover of X. Let g a be an (LG) a -invariant Riemann- 
ian metric on S a . It exists, since (LG) a is compact and S a is of finite dimension. 
Next we define a positive bilinear LG-invariant form on S a - Clearly 

(2.4) T p S a = lg/(lg) a ®T p S a , 

on the second factor there is already a Riemannian metric g a . On the first one, the 
choice for J is J ls . With this choice, we have the positivity of J£) as shown 
earlier. 
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The form (-|-) is the restriction of the bilinear invariant form on g aff = Zg + R<5 + 
Rd, (see [K, Ch. 7]). And [Jrj, x] — J[rj, x] which can be verified using the property 
that if 

{E a ,Ef3 — c a jjE a+ f), 

then 

[E-a,E-/3 = -C a ,pE- a -fj. 

Thus g£ is invariant under the conjugation on lg/(lg) a by (LG)^. 
Lemma 2.2. The decomposition 

T p S a = lQ/(l Q )a © T p S a 

is orthogonal with respect to g£,0Jx- 

Pf: It is orthogonal with respect to g£ by construction. To check that for ujx, 
let u € TpS a and £ G lg/ (lg) a , by the definition of moment map, 

wx(«,£(p)) = (D u /i|0 =0 

where the last equality holds because D u [i e (lg) a -L lg/{lg)a under (-|-). QED 

We can use the group action by LG to extend g£ to a LG-invariant form denoted 
by the same on S a . This is made possible due to 

1) . the invariance of g a under (LG) a on S a ; 

2) . The complement of T p S a in T p S a is lg/(lg) a whose positive bilinear form as 
in Eq. (??) is invariant under the conjugation. 

Now for each p in S a , the image under fi of the orbit LG(p) meets O a in a W a - 
orbit on which xp a is constant, since tl> a is W a -invariant. Therefore, we can extend 
ip a to S a . The extension will still be denoted by ip a . Obviously, {ip a } forms a 
partition of unity on X subordinate to {S a }- 

Now clearly g = J2i ^agt is an invariant positive bilinear form. 

Remark: We do not call this form a Riemannian metric in order to avoid confu- 
sion, since the topology defined by g is weaker than that on X. 

Step 2: Existence of an LG-invariant almost complex structure. 

On finite dimensional space M, given an invariant symplectic form oj and a 
positive definite form g, there is an uniquely well defined almost complex structure. 
The exact construction of j in terms of g, u> is like this: the non-degenerate 2-form 
can be viewed as a linear map 

oj : TM T*M, 

the form g defines a map from T*M — > TM which is the inverse of the map 
v : TM -> T*M defined by the metric. 

Denote ^'^by/: TM -> TM. Then it is straightforward that /* = -/, the 
dual is taken with respect to g. Therefore, — // = (/*/) is positive definite and has 
an uniquely defined positive definite square root, (—f 2 ) 1 ^ 2 which is a linear map. 
Clearly /, (— J 2 ) 1 / 2 commute, so the following is the desired j, 

J = /(-/ 2 )" 1/2 . 

This almost complex structure is clearly invariant. 

Two remarks: 1). The positive form may not coincide with g; 2). If g is 

given by u>(-, J-), then j = J. 

Both of the above are easy to verify. 
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In the infinite dimensional situation, we refrain from defining J on TX by directly 
using the above because the definition of /*/ may cause problem. 

In the particular situation we are facing, however, the map /*/ will be shown to 
be I except on a finite dimensional space. Let us examine the matter more closely. 

Suppose fx = fx(p) e fc(C, 1) is covered by {Of,} but no other O a . By definition 
of O a , it is clear that the stabilizer of \i in W aS , W^, is 

Wn = r) {bl o b3f ,}W b . 

When ji is in the interior, = {1} and all of {O a } cover it; when fx — v is a 
vertex, only O v covers it. Also \i is not in the support of ip a if ii ^ O a . Therefore 
at p, the positive form 

9 = ^ b9 b- 

{b\O b 3p,} 

On TpSb = ifl/(Zfl)i 93 T p Sb, g b agrees with the form 
(2-5) (M-]IMP)) 

on the first factor, for each b with p £ Ob- Therefore inside that tangent subspace, 



g agrees with the expression in Eq. 2.5 



n P eoj0/(lQ)b- 

By the previous lemma, the finite dimensional subspace E p generated by 

{T p S b \Lt(p) e Ob} 

is orthogonal to (~}{b\o b 3tJ.(p)}lg/ (lg)b with respect to ui,g. Hence, uj and g are in 
diagonal form in the decomposition 

T p X = n{ b \ 0b 3,j,(p)}l&/ (lg)b © E p . 

Thus the map / = v~ 1 lu is of diagonal form. On the first factor, again by the 
previous lemma and the definition of g^, 

9=([;J-]\li), 

therefore over that subspace 

f = J = J l °; f(-f)~ 1/2 = f = J lB - 

On the finite dimensional subspace E p , J is uniquely defined by the restriction of 
/. Hence it is invariant by (LG) M . We can easily extend J to the whole X through 
invariance. Thus we have just proved the following 

Proposition 2.2. There is a LG-invariant almost complex structure on X such 
that cj(-, J-) = — (Dj.fx\-) is positive definite. 

Remark: If X is complex, the above equality J = — J lg on r\jb\o b 3iJ,(p)}l0/Q'0)b 
is not true in general. 

2.8. The almost complex structure J on X^. We will prove the existence 
of an almost complex structure on Xn by showing that there exists Hodge type 
decomposition for T( p q )X x X where fi(p) = kiix[q). Such a decomposition is used 
in the finite dimensional situation to show the existence of almost complex structure 
(or holomorphic structure if the original manifold is) on the reduced space. 

Suppose n(p) — kLix(q) S k(C, 1). It will be shown in the next section, as a 
consequence of H2, that i p fl tg = which implies (lg) p D (lg) q — 0, since (lg) q = t q . 
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The following is easier to show than in the case when X is holomorphic, for the 
almost complex structure J x constructed earlier has very special property. 

From now on, let X be equipped with the opposite of its usual complex structure. 
And continue to use the same one on X so that — w(-, J-) + Wx(-, J-) is non-negative 
definite. 

Proposition 2.3. The action by Ig on the product Tt Ptq \X x X, ^(p, q) = —/J,(p) + 
kfix(q) = has no kernel. There is a LG-invariant (acting diagonally) decomposi- 
tion of the tangent space: 

T (p,q) X X X = V(p >9 ) 8 lQ(p,q) © JlQ(p,q), 

where ifl(j, i9 ) denotes the induced tangent vectors on the product, J is on the product 
and 

V(p, q) = {(u,«)|D (Uit ,)* = Dj( Ult ,)* = 0}. 
The decomposition is orthogonal with respect to 

h(; •) = J-) + Ulx(-, J-) 

on the product space. 

Remark: The above decomposition would have been obvious had h defined a 
complete norm. 

Pf: 1). Claim D Jh ^ is onto lg°. 

In the same notations as before, there is a decomposition of T p X as r\blg/{lg)b 
E p where E p is of finite dimension. By construction, J x = J ls and J x = — J ls . 
Therefore, for £ G rVfl/(Zfl)&, 

Dj^ = -Djx^(p) + Djtii*(q) = -2D JlHf i(p) = 2ad M(p) J i£ >£ G n b lg/(lg) b , 

where one degree of differentiability is lost due to the adjoint action. Because J' 3 
preserves ig, andad M ( p )(-) with /i(p) G k(C, 1) is an isomorphism on C\{o b \n(p)eO i }^8/{^8)b: 
the above implies that is onto Oblg /(lg)b- The orthogonal complement of 
lg°/(lg)b is the subspace generated by (lg)b such that \x G Ob- If D^f is not onto 
that finite dimensional complement, there is a r], with 

{D^\r,) = 0. 

In particular, 

= Dj„tffa) = -uj{Jr),v) +MJ X V,V), 
which forces rj(p) — and r/(q) in the null direction of Ux(-, J x -). The analysis on 
the null space of wx(-, J X -) shows that rj G (ifl)^f, where [i — fi(jp) = k^x(q)- But 
H2 is equivalent to 

(ifl) P n[(Zfl) M ,(/fl) M ] = 0, 

a contradiction. 

2). Given a tangent vector in the product, (it, u), from the claim there exists 
£ G ig such that = ^j(u,i;)*- And choose 77 G Ig to satisfy Dj^ = D( u v ^, 

then 

(«', t/) = (u, v) - Jr](p, q) - £(p, q) 

satisfies 

£>(»',«')* = °; £ 'j(«',«')* = 

because Z) r \I> = — ad T /z(p) + ad r /ix(<?) = 0, Vr G ig. Therefore 
(ti',1)') eker£>#f~l JkerDtf = 1^,. 
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3). The isomorphism between V p and the tangent space to the orbit kevD'i'/lg 
holds due to the claim in Step 1. Since V p is invariant under J, there exists J on 
TX N . QED 
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3. The Fixed Point Set on X n 

3.1. When a point is fixed by T. Let u 6 Xn, then u — [p, q] with (p, q) G XxX, 
the bracket denotes the equivalence class under the diagonal action by LG. 

The point q being in X is itself an equivalent class, q = [h, z] with h G LG, 
z 6 X g . The equivalent class represented by q is the orbit by the diagonal T action 
on LG x X a . Here the T action is from the right on LG. 

Both equivalence relations can be kept tracked of by introducing the following: 

Definition 3.1. For points in X x LG x X s , define the equivalence relation: 
(3.1) (p,h,z) ~ (gp,ghs,sz) 

for geLG,seT. 

A triple defines a point in Xn iff fXxip) — kXd g {4>{z)) where cj> = ((/>, 1) and Ad 
is the adjoint action. 

On X x LG x X g , the diagonal action by LG on the first two factors and the 
diagonal T-action on the last two factors, commute with T acting on the last one. 
And the T-action acting on X g alone preserves the moment maps fj, — therefore 
it descends to one onljv. 

We make a semi-canonical choice for [p, q), so that q = [I, z\. Because = ^>(u) = 
fJ-x(p) — k<f>(q), we have /i(p) G fc(t, 1). The ambiguity is due to the following: 

(p,I,z) - (s^pj^z), Vs e T 

as in Definition 3T. Thus (s~ 1 p, I, sz), s £ T represents the same point as (p, I, z) 
in Xn. 

Lemma 3.1. Let t 2 be the Lie algebra of the stabilizer T z C T of z € X g , t p be that 
for the point p in X . Then a point u — [p, I, z] is fixed by T , iff that t = t z + tp. 

Pf: The condition is clearly sufficient. Suppose u is fixed by g, i.e. (p,I,gz) ~ 
(p, /, z), that is for some h S T , 

(P,l,gz) = (h~ 1 p,I,hz). 

Thus 

hp = p, h~ l gz = z 

for h G T. So h G T p and h^g G T z , and g = h ■ h~ l g G. Therefore, any g £ T can 
be decomposed into a product of elements in T p ,T z , hence t = t z + tp. QED 

Assume (p, /, z) defines a point in Xn, then we have /z(p) = k<ft(z) — k(<fi(z), 1) 
by the definition of X/y. 

Lemma 3.2. T/ie following holds: 

i.) t z = n t. 

Under the assumption that the image of [ix is transversal to (t, fe) in (Iq, k), 

t z n tp = o. 

P/: Let Cfj, be the smallest wall of dC containing <fi(z), and let be the linear 
subspace in t parallel to C p . Then — t z , which is a basic fact in toric variety 
theory, or symplectic geometry. 

The affine Lie algebra based on q, g aff , is Ig + Rd + MAT as in [K]. The dual is 
Iq + M.S + EA . The simple roots are {ao, ai, aj} where {a\, ai} is the set of 
simple roots of g, and ao = S — 8 which acts on (h, I) E t + RAq C Ig + M.S + M.Aq 
as I — a(h). The boundary of the alcove C is defined by na i _1 (0). 
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The stabilizer of <p is the same as that of C M . And the stabilizer (LG)^ of in 
LG is generated by t and lg a . such that a^C^) = 0. Clearly lg s * — J2 a (c„)=o ^a- 
We claim that 

This is clearly true for x a ,y a in lg a , using the standard notation for ~ s^(C). 
As for the coroot a v = [x a ,y a ], it holds as well because = and 

{a v \/j,{p)) = [x a \[y a ,n]) = a(4>)(x a \x a ) = 0. 

Thus we have lg s * Pit = J2 ai (c^)=o^- a i ' tne right hand side arc in t z from the 
orthogonal condition just proved. We also know that the is exactly spanned by 
those a v , since C M as a subface is defined this way. Hence t z — lg s ^ n t 

2). The trans versality condition is equivalent to 

^0 p n [ISpJSp] = {0}, 

but lg s ^ = [lQu,>l9u]i an d tp c ^fl P ) therefore we have t p n = {0} which 

implies that t p n t z = since t 2 C [Zfj^, QED 

Let be the connected component of I in T p . By the construction of the 
toric variety X g , it is easy to see that T z is connected. If t p (B t z = t, naturally 
{t p , t z ) G x T z i— » G T is a covering map. 

Proposition 3.1. Le£ F p 6e tfte connected component of Tp- fixed point set in X 
containing p, and M z be the connected component of T z - fixed point set in X s con- 
taining z. 

Then the connected component containing (p, I, z) of T -fixed point set in Xn is 
given by {F p x {/} x M z ) n * _1 (0). 

Pf: The inclusion of the set in the connected component of the fixed point set 
by T is clear. To see the other direction, suppose {q, I, w) is in the connected 
component of {p, I, z) which is fixed by T, and suppose q is close to p, w is close to 
z. The stabilizers in T of q, w must be subgroups of Tp,T z , which is well known. 
On the other hand, we have shown t q + t w = t, t q (~l t w = 0. Therefore the inclusion 
of tq C t p , tw C tz arc equalities instead. Thus, t p , t z vanish at q, w respectively. 

If {q, I, w) is connected in the fixed point set to {p, I, z) through a 1-parameter 
curve {q s , I, w s ), with qo — p, wq — z and qi = q, w\ = z, then for small s, by the 
above argument, q s , w s are fixed by t p , t^. So they are in the connected components 
of p, z fixed by T p , T z respectively. The above argument shows also the set {s} such 
that {q s ,I,w s ) is in the desired product is open. Obviously the set is also closed. 
Therefore, {q,I,w) is in the product. QED 

3.2. More about the T-fixed point set on X^. From earlier discussion, we 
have learned that [p, I, z] is a fixed point of T on Xn iff t p (Bt z = t. Let Tp denote 
the connected component of T p . To understand the structure of the fixed point set, 
we need the following: 

Definition 3.2. Suppose t z ^ 0, i.e. (f>{z) G dC, let 

)C = {ge {LG)^\ Ad g t = t, Vi G T p }, M = {g G (LG)„| Ad 9 (T p °) = T p }, 
and Lie/C ; LieTV" be their Lie algebras. 
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Lemma 3.3. The groups (LG) P and K are compact and connected. 

Suppose (Zfl)ff (~l i p — which is true under the assumption that the image of fi 
is transversal to t, then LieA/" = Lie/C. 

The weights of the t p action on (7g) M /Lie/C are non-trivial, therefore K is the 
largest connected group acting on F p . 

Pf: The assertion on (LG)^ is well known. For /C, the argument is also standard 
but we include here anyway. Suppose K° is the connected a component passing /. 
Let g G K\K°, then Ad g KP = K°. The group T is a maximal torus in (LG) M 
and is contained in KP. Therefore Ad g T is a maximal torus. By the uniqueness of 
maximal torus under the adjoint action, there is a h £ K such that Ad/ lg T = T. 
Obviously hg G W(K°), so hg is contained in the semi-simple part of K°. Thus g 
is connected to I and K = K°. 

The adjoint action by T° on LiejV\ Lie/C has those roots of LieA/" which are not 
roots of Lie/C as eigenvalues. Let a be one of them, then because i p is normalized 
by J\f, the reflection element in the Weyl group r a satisfies r a (t p ) — i p . Using the 
definition of the reflection, and the fact that a(t p ) ^ 0, one concludes the coroot 
a v G t p . On the other hand a v S t z , since t z is the Cartan subalgebra of the g* s 
which contains LieAf ss . But t z n t p — 0, hence it is impossible that a v G t p . So all 
the roots of LieA/" are those of Lie/C. From this and the fact that t is the Cartan 
sub-algebra of both groups, one concludes LieA/" = Lie/C. 

Now the assertion that the action by t p on Ig^/LieK have non-trivial weights 
follows immediately. QED 

3.3. Z and Z/T z as fiber bundles. 

Proposition 3.2. Let X be the connected component containing p in F p (~] /i^ 1 ((f)). 
Then the connected component of T-fixed point set on Xjq passing [p, /, z] is given 
by Z/T z x {:„}. 

If (j) is in the interior of C , T z = I . 

In case <p is on the boundary of C , Z /T z admits a projection to an orbifold E 
with fiber a finite quotient of K/T . 

Pf: Suppose [q, /, w] is in a same connected component as [p, J, z] in Xn fixed by 



T. It follows from Prop. B.l that q G F p and w G M z . A basic property of moment 



map restricted to fixed point set dictates that 

fi{P p n ^(t)) c n{p) + cp{M z ) g 4>(z) + tP, 

and tp (~l t z — since tp © t z = t. The condition fi(q) = k<j)(w) G t then forces 

H(q) = fi(p) = kcf>(z) = k4>(w). 

As points in the toric variety A B , the equality fix(z) = /j.x{w) implies that w = tz 
for some t G T. Therefore [q, I, w] has a representative of the form (t _1 (?, /, z) which 
defines a point in the claimed set. Thus the association of [q,I,w] with a point in 
the quotient space (F p n // -1 (</>)/T z ) x {z} is 1-1 and onto. 

As for the last assertion, we already know that F p n admits the action 

of /C, since it commutes with T p and preserves fi~ 1 (4>). Let E = Z/K. The fiber of 
the projection 

tt : (P p n ir\$)) IT -» (f p n /KK = e 
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can be explicitly described. If [q] G E with q e F p n fi 1 (4>), then the fiber is 
fC(q) = JC/K.q. We know that JC q has T p as the maximal connected subgroup, since 
Lie/C<y has no semi-simple part from the condition lg q n [lg^, Ig^] = 0. Hence T p is 
a normal subgroup and JC q /T p is a finite subgroup. Therefore the fiber is a finite 
quotient of the homogeneous space JC/T by K q /T p . QED 
The following obviously holds: 

(3.2) z = P p nn- 1 (4>) -^P p nn- 1 (4>)/T^F p nn- 1 (4>)/lc = E. 

Since T p fixes points on Z, the action by JC is not effective on Z. In fact, we have 

Lemma 3.4. Define t° to be a complement of t z fl Lie/C ss in t z , then 

Lie/C = Lie/C ss 8 to © tp, 

where Lie/C ss is £/ie semi-simple part o/ Lie/C. 

P/: It is known that t C Lie/C, so Lie/C = Lie/C ss + \) with f) C t. On the other 
hand, [Lie/C ss ,t p ] = by definition of JC, hence Lie/C ss X tp. But Lie/C ss C (Zfl)* s 
which has t z as its Cartan subalgebra. Therefore Lie/C ss D t C t z . We already knew 
that t = tp © t z , hence 

Lie/C = Lie/C ss © t p © t 

where to C t z and is perpendicular to t fl Lie/C ss C t z . QED 

Let JC' be the group with Lie/C = Lie/C ss © to as its Lie algebra. This group acts 
effectively on Z, and T z is its Cartan subgroup. 

So the fiber over E is a finite quotient of JC jT z . 

3.4. Connections of the orbifold liberations. Let Lic/C' = t z +n be the Cartan 
decomposition. 

Fix a /C'-stable splitting of TZ = T H Z © T^Z, where T^Z is tangent to the 
orbit by JC on Z . Such a splitting exists because the action by JC is locally free, 
therefore there is automatically the bundle T^Z. The /C'-stable horizontal space 
can be obtained by an invariant metric on TZ . 

Let A : TZ — > T^Z be the projection. There is a further decomposition: 

T^Z = T'Z + T"Z, 

where T'Z and T"Z are the vertical subbundle generated by vectors in t z and n 
respectively. 

Lemma 3.5. 1). If (p, n) G Z x n G T p % i/ien £/ie action by T z on T" Z 

induced from the action on Z, maps (p,n) to (pt,Ad t n),Vt G T z . 

2). T"(Z/T Z ) = Z Xt z n where the quotient is taken with the previous T z action 
on T"Z x n. And T(Z/T Z ) = ir*TE © T"(Z/T Z ), where tt : Z/T -> E = Z/JC. 

Pf: Let denote the action on the tangent bundle. It is straightforward to 
verify that 

(3.3) £(0P) = 0,(Ad fl -i 0(p)),Vff G /C',C G Lie/C'. 

Hence {gp,£) i— ► (p, Ad 9 -i ^). Or (p, ^) i— > (gp, Ad g ^), which implies the first asser- 
tion after applying it to £ = n G n and g — t £ T z . 

2). This is simply the decomposition of T(Z/T Z ) into horizontal and vertical 
parts. QED 
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Denote the map which identifies the vertical vectors with Lie/C' by P. Combine 
with A, we obtain 

PA : TZ — > Lie/C'. 

Furthermore P = P' + P" with P', P" take values in t z , n respectively. Obviously 
PA is a connection on Z. 

Let u,v be vector fields in T H Z invariant under Lie/C, and let £,77 be vectors 
induced by two elements from n. 

The decomposition of the curvature given below will be useful later. 

Lemma 3.6. Suppose T z acts on C with character X, then there is a connection 
A\ on the bundle Z Xt z C — > Z/T z such that its curvature is given by X(B) + X(R): 
the 2-forms B and R are i z -valued, and satisfy the following 

B(u,v) = P' ■ A([u,v}), P(£, r,) = P' ■ A([£, r,} )• 

Pf: On the trivial bundle Z x C, the action by Lie algebra of t z is given by 
C t = (t(q),X(t)), for t G t z . The connection defined by V = d + X(P'A) satisfies 

V t( ,) = d t(q) + X{P'A){t( P )) = d t(q) + X(t) = C t 

by the definitions of P, A. A connection, satisfying the above condition, descends 
to the quotient bundle Z Xt, C. The curvature is given by d(X(P'A)). For vector 
fields u, £, by invariance of u, we know that 

[u,£]=0, A(u)=0, PA(aq))en 

hence P'A(£(q)) = and the differential of the 1-form, d(\(P'A))(u,£) = 0. Thus 
the curvature has no term mixing T H Z and T"Z, and consists only of the vertical 
and the horizontal part. The one coming from the horizontal vector fields u,v is 
exactly 

A • B(u, v) = X ■ P'A([u, v]) = X- PA([u, v}), 

since A(u) — A(v) — and A • P" = 0. The one coming from the fiber, or the 
vertical directions, is X(PA([£_(q),n(q)}) = X(P'A([£(q), n(q)}). This follows from 
A(n) = and P'A(£(q)) = P'A(rj(q)) = 0, hence in calculating dP'A(£,r}) only the 
said term remains. QED 

Fix a base point q, one may ask how the forms B, R transform along the fiber 

Of 7T. 

Lemma 3.7. 

A ■ B{u, v)\ gp = X(Ad g PA[u(q),v(q)}), 
A -Ritigq), v(gq)) = X(Ad g [£(q), V (q)]). 

Pf: Due to the invariance of u,v and the fact that commutes with [, ], we 
have [u(gq),v(gq)] = g*([u(q),v(q)]). The map g* also commutes with A by the 
invariance of A, therefore 

A[u(gq),v(gq)} = g*{A([u(q),v(q)})). 
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Let a — PA([u(q),v(q)]) G Lie/C', then its induced vector a(q) = A([u(q),v(q)]) by 
the definition of P. We know g*(a(q)) = Ad g a(gq), thus 



= Ad fl (o), 

hence X(PA[u(gq), v(gq)]) = A(Ad s PA[u(q), v(q)]). For the same reason, we obtain 

A • R(£(gq), v(gq)) = A • Ad g PA([^q), V (q)}). QED 

This expression is crucial to a calculation in Section 9, because \R behaves as the 
moment map on the fiber which is a coadjoint orbit. 

3.5. Stratification of the fixed point set. Unlike the smooth case, the fixed 
point formula for orbifolds requires the contributions of lower strata of the fixed 
point set. Where do the strata come from? They are present due to the local 
isotropy groups on the fixed point set Z/T z . 

To describe them locally, let p G Z, T p may not be connected. Denote the 
connected component of I by T°. Let I p = T p n T z , 1° = T° n T z . They are finite 
groups since t p nt z = 0. When T z acts on Z, it has I p as its stabilizer. All q G Z are 
fixed by T p , so the subgroup I p acts trivially on Z. The effective isotropy group on 
Z is Ip/Ip, though I p may have non-trivial action on the normal bundle and can 
not be ignored. Obviously the discussion is unnecessary if for all p 6 Z, T p = T° . 

For each h G I p /I p , denote by Zh its fixed points in Z. The collection {Zh} for 
h G I p /Ip, Vp G Z form stratification of Z. And their quotient by T z in F = Z/T z 
contribute to the fixed point formula computations, which is different from the 
smooth case. 

Let h G I p \ Ip, let Zh = {q G Z\h(q) = q}. It is a submanifold. Clearly T z acts 
on it, and the points there are fixed by h,T®. Let JCh be the connected subgroup 
of K which commutes with h, i.e., Ad^ h = h,k G K-h- Then JCh acts on Zh, and it 
contains T. 

In the language above, Z itself can be thought of as Zh, h G Ip. 

3.6. Lower stratum Zh and Zh/T z as fiber bundles. Obviously one has 

Lemma 3.8. The Lie algebra of ICh, Lie/C^ is the maximal subspace on which the 
action Adh | Lie/C is I. 

This lemma implies that Lic/C/Lie/C^ induces a subspace normal to T p Zh in T p Z . 

As in the case of Z/T z , we can realize Zh/T z as a fiber bundle. As in the case of 
Lie/C, Lie/Ch splits into Lie/C^ and t p . And the group K! h ~ ICh/T p acts effectively 
on Zh- Associate with Zh the space Eh = Zh/fC' h . Similar to Z, there is the 
following sequence: 



PA[u{gq),v{gq)] 



Pg*(A([u(q),v(q)])) 

Pg*(a(q)) 

PAd g (a)(gq) 



(3.4) 



Zh — > Zh/T z — > Zh/lC'h = E h 



where the second projection yields a finite quotient of 1C' h /T z as the fiber. 
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3.7. The action by a Weyl subgroup on the fixed points of T. Suppose 
(p, I, z) defines a fixed point of T in Xjy, that is to say that t p , t z generate t, and 
fj,{p) = k<}>{z). 

If 4>(z) is in the interior of C, then t z = 0, and t p — I by the above characterization 
of a fixed point. 

Suppose <f>(z) G dC, let C<p be the smallest wall of dC containing cf). Then 
lg A = (Zfl)?f commutes with fi(p) = <f>(z), and it is generated by lg a with a vanishing 
on the wall C$. 

Lemma 3.9. The subgroup W &s n (LG) S * of W aff is the Weyl group of the finite 
dimensional semi-simple group (LG)^f. It transforms one fixed point set to another 
in [i~ l (k(j)) where cj> — n{p)/k. 

For w G W{K'), it preserves Z but permutes among {Zh}- 

Pf: The group (LG) M is compact and connected, since it is the stabilizer of 
= ( < X z )j^ : ) under the adjoint action. The semi-simple part is generated by 
(lg) a where a vanishes on C^, therefore the Weyl group of (LG) S * is generated by 
the reflections with respect to those affine roots vanishing at C^. In terms of the 
original affine Weyl group, it is exactly = W ati D (LG) S ^. 

Suppose that (p, I, z) defines a fixed point, then fi{gp) = Ad g( u(p) = fi{p), for 
all g G (LG) p s . If g is also in W^, one has g(t z ) — i z because t z is the Cartan 
subalgebra of (Zfl)^f. Thus g(t p ) and g(t z ) generate t. To check that (gp,I,z) is 
fixed by T, let t G t, 

t = h+ t 2 , tt G g(t p ), t 2 G g(t z ) = t z . 

Then 

exp(2nit)(gp, I, z) — (gp,I,exp(2nit)z) 

~ (exp(2niti)gp, I, exp(2nit2)z) 
= (g exp(27rz Ad g -i ti)p, I, z) 
= {gp,I,z). 

In the above, we have used the fact that exp(27ri Ad 9 -i ti) G T p if t\ G g(t p ). This 
shows the Weyl group of the semi-simple part of fi(jp) acts on the fixed point set 
whose image is p(p). 

Fix a lifting of w to JC, it certainly preserves Z, since the whole JC does. If Zh is 
a stratum as described earlier, associated with h G Ip/ Ip, for some h and p, then 
the point w(p) has Ad w T p as stabilizer, and its isotropy group is Ad™ I p . Since T z 
is the Cartan subgroup of (LG)^f, and w is in its Weyl group, hence w preserves T z 
and 

Ad^, Ip — I w (p^, Ad^ Ip — I w ^ . 
Thus w(Z h ) = Z w(h y QED 
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4. Normal bundles to the fixed point sets in X n and weights 

We will find out in this section the weights of the T-action on the normal space 
to the fixed point sets inside the compactification locus. 

The last section describes the fixed point sets of Xn in terms of data from X 
and X. Suppose (p, /, z) defines a fixed point in Xn, and (p s , h s , z s ) is a curve with 

(p Q ,h ,z ) = (p,I,z), {p' ,h' 0) z' ) = (a,£,x) e T {p . h , z) {X x LG x X a ). 

Let t — t p t z so that t p 6 T p and t z 6 T z . Then the action by T on the tangent 
vectors is given by 

(4.1) t{a,Z,x) = {a,£,t(x)) ~ {t p (a), Ad tp £,*,(*)) 

which is obtained by the definitions of the action of T on JTyv , and the equivalence 



relation as in Def. 3.1 



By assumption, the equivalent class [p, I, z] defines a fixed point in Xn- As 
before, T p is the connected component of / in T p . Then T p and T z generate T. 
Furthermore T p and T z act on the tangent spaces T p X and T Z X, respectively. 

4.1. Tangent space. First let us describe the tangent space to Xn at [p, I, z\. 

Proposition 4.1. Let /i = /i(p) and V p be defined as 

V p = {ae T p X\3b e lQ,D( a+iJa )iJ,(p) = £>( h+ ;./&)Mx} 

where ptx : X = LG Xt X g —> lg x {k}. In the toric variety X g , the point z has T z 
as its stabilizer, let the subspace tangent to T (z) ~ (t^) c be denoted by H z , then 
the tangent space to Xn at [p, I, z] admits the following decomposition: 

T U X N ~V P ® (ZflWt© H z 

where (Iq)^ is the Lie algebra of the stabilizer of the /i under the coadjoint action. 
The tangent space T u Xn has a natural almost complex structure J satisfying: 

J\V P ~ J x ; J\(lg)/t =J' = -J lB ; J\H Z = -J x » 

where J x , J le , J Xss are the almost complex structures on the space X,lg/t, X s re- 
spectively. 

Remark: The map Dfj, after extended to the complexified tangent space, certainly 
is not holomorphic, thus the vectors in V p are very special. 
Pf: The tangent space of T u Xn is isomorphic to the space 

{(a, b) £ T {pA) X x X\D {a+iJa) ii(p) = D {b+iJ , b) [ix(q)}, 

as shown in Section 2 (or cf. [CI]). The subspace H z is contained there via 
b i ► (0,0,6), for D( 0) (,+ij'(,)/xx(I, z) = 0. Let q = [I,z] G X. The subspace /t is 
contained there via the inclusion £ £ Ig^/t i— > (0,£, 0), and it satisfies the equation 

D (t+iJ>S,0)Hx(I, z) = D^^j ^nxil, z) = [£- i£ J ', (J,x(I, z)] = 0, 

since [£,^x(?)] = [£ J , Mx(?)] = 0. Also we have used the fact that J'£(q) = 
— J le £,(q) = —£, J (q) with = £ £ Ig^/t being defined by the almost complex 
structure on ifl„/t. 

The subspace defined by (Zfl) M /t© H z corresponds exactly to the subspace 
U = {(a,b)€T M XxX\a = 0}. 
The complement of Uq in T u Xn is exactly V p . 
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There is a unique way to choose b in the above definition of V p : make it perpen- 
dicular to H z , and choose it from 

Yl 'So 

where the index means a is not a root of lg p . This is possible since Db^x = 
Dj'b^x = if b G if 2 or b is induced from . 

Then the map ft : a i— > (a, 6) satisfies h ■ J = J' ■ h. So the complex structure 
defined by J x on Vp is mapped to J = (J x , J') restricted to the image of ft. Thus 
the assertion is verified. The other two idenities involving J' follow strictly from 
the description of J' on TX. QED 

4.2. Normal space to Z and Zh- From the description of V p and lg^/1, it is 
clear they inherit an almost complex structure from T^i^Xn. In the following 
the weights refer to the weights by ip,h G I p \ I p acting on the complex linear 
spaces. 

Let V p and N p be the 0-weight and non-zero weight subspaces of V p under the 
linear i p -action respectively. Then V p = N p © V®. 

Similarly, denote by nor 1 (Z/ l ,Z) C {V p } the maximal ft-stable subbundle sub- 
space on which det(i — ft) ^ 0. 

Proposition 4.2. 1). The normal subspace to the fixed point set Z/Tz is 

N P © (Zfl^/Lie/C © H z . 

2). The normal bundle of Zh in Z can be decomposed as 

nor^Z/,, Z) © Lie/C/Lie/Cft. 

The bundle nor 1 (Z^, Z) admits an action by T z which lifts the action on Zh- 

On the normal subspaces in both situation, there is the induced almost complex 
structure from J on T u Xjq. 

Pf: The first claim holds due to the fact that the normal space to the fixed point 
set is the non-zero weight space under the action by the t p on the tangent space. 
From the description of the tangent space and the definition of N p , the assertion is 
evident. 

Part 2 follows from essentially the same reasoning, with a slight variation since 
here we consider only the ft-action. The the normal space is the maximal ft-stablc 
subspace in T p Z, on which 1 is not an eigenvalue. There are two factors in the 
tangent to T p Z, one is the Lie/C/t, the other is V p . Then from the definition of 
nor 1 (Z/ l , Z) and Lemma 3.8, the decomposition holds. 

The action by T z on nor 1 (Z^, Z) exists since T z commutes with ft, so the non-zero 
weight space under ft in V p at p is isomorphic to that in V tp , t G T z . 

The almost complex structure preserves those subspaces since tj, and ft-actions 
commute with J. QED 

4.3. Description of weights. From the last section, it is verified that t = t p © t z 
and t p ("1 i z = 0. Let t = t p + t z , t G t denote this decomposition. 

Proposition 4.3. Let the weights of the T p -action on N p be denoted by {7}, the 
weights of the T z -action on H z denoted by {X}, and the positive roots of {lQ) p /lAelC 
be denoted by {/?} respectively. 



FIXED POINT FORMULAS AND LOOP GROUP ACTIONS 



25 




Figure 4.1. Weights at the fixed point set 



Then the weights by the T -action on T^j ^Xjy are given by the corresponding 
three sets of weights: {7}, {A}, {(3} such that 

(4.2) 7(*)=7(*p), A(i) = -A(t z ), f3(t) = -(3(t p ). 

Remark: The negative sign for A and (3 reflects the complex structure on Xjv as 
described in Prop. 4.1. 

Pf: The action by t on the tangent space TLj^i-Xjv is of the form: 

t p ■ t z (a,^,x) = (t p (a), [t p ,£,],t z (x)) 



as shown by Eq. (4.1). Now apply this to the three types of normal vectors as in 
the last proposition, one has the assertion. The only thinking needed here is the 
observation that the embedding of V p into T U X^ is T p equivariant. The '-' sign 
reflects the choice of the complex structure on H z , QED 

4.4. Weights on normal space to the lower strata Zh in the fixed point 
set. As pointed earlier, the normal space to Zh consists of two parts: the normal 
space to Z and the normal space of Zh in Z. The contribution of Zh to the 
fixed point formula, in the orbifold sense, depends on the weights of the action 
by hTp on the normal space. The calculation given earlier provides the answer 
for the action by T on the normal space to Z, here we need only determine the 
weights on the second subspace which is nor p (Zh, Z) © (Lie/C/LieA^/j). Recall that 

h£i p /i2 = (T p nT z )/(T$nT z ). 

Lemma 4.1. Suppose the weights of the action by h on nor 1 (Zh, Z), (Lie/C/Lie/C/j) 
are given by {Oi}, {A} respectively. Let (ht p , h~ 1 t z ) G hT® xT z be a lifting oft € T 
in T p x T z , {#}, {(3} be the weights of the action by (ht p , h~ 1 t z ) on the two factors 
of the normal space. They are given by 

9(ht p ■ hrH z ) = 9(h), (3(ht p ■ h~H z ) = /3(h). 

Pf: Let (p s , k s , z) be a curve, with p s , k s tangent to Z, KJ but normal to Zh, lC' h 
and po £ Zh, fco € IC' h ] and z is fixed by T z . The action by t £ T on that curve after 
choosing the lifting ht p ■ h~ 1 t z , is simply 

(ht p p s , Adft^ k s ,z), 

which is (hp s , Ad/j k s , z) since t p acts trivially on Z, and Adt k = k. Vfc S K, by the 
definition of JC. Therefore, the weights are of the forms described. QED 
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4.5. Three types of fixed points. Suppose (p, I, z) defines a fixed point in X^, 
we classify them according to the following: 

1) . fi(p)/k = <f)(z) is in the interior of (C, 1). 

2) . (i(p)/k — 4>(z) is on (DC, 1) but not a vertex of C. 

3) . fi(p)/k — 4>{z) is one of the vertices of the simplex (C, 1). 

Considering the decomposition of t into l p ,t z , the type 1) and 3) correspond to 
the cases i z — and i p = respectively. 

4.6. The (LG)u/T factor. In case of type 3), t z = t, therefore t p = 0. Hence 
K, = (LG)^, and (LG)^ acts on the fixed point set, as shown for K,. What's said 
earlier about the map it : F — > E with fiber IC' /T z now can be replaced by the 
factor (LG)^/T. 

4.7. More on W &s . Suppose the fixed point is of either type 2) or 3), then n(p) 
has stabilizer (LG)^, under the co-adjoint action. The group has semi-simple part 
generated by (lg) a , where a is an affine root vanishing at fi(p)/k. 

The following is a well known fact in affine algebra: 

Lemma 4.2. The group generated by the reflections 

r a = {a\a{y) = 0} 

is the Weyl group of T in (LG)^, it acts on the type 2) fixed point set. Denote the 
Weyl group W„ which is the subgroup ofW aS fixing the smallest wall containing [i. 

4.8. Transformation weights by W^. The discussion here is only meaningful 
for type 2) and 3) fixed points. 

In the previous section, it was shown that the Weyl group W M permutes among 
the collection of fixed point sets with the same value for fi. 

Let {A'}, {/?'}, {7'} denote the three groups of weights at the point (wp, I, z) as 



in Prop. 4.3 



Using the expressions in Eq. (4.1) and Prop. |4.3| , we conclude that all the non- 
trivial weights are those A's in case of type 3) fixed point, since tp = and K = LG^, 
so there is no 7, (3. Hence, along the (LG) M -orbit of (p, J, z) which is fixed by T in 
Xn, the weights are just those from H z , {A}. 

In case of type 2) fixed point, we have the following relation between the stabi- 
lizers: 

T w ( p ) = wT p . 

To derive the transformation rule for the weights, we need the following: 
Lemma 4.3. 

V w (p) = w*(V p ). 

where w* : T p X — > T w i p \ is the isomorphism induced from the diffeomorphism w. 

Pf: Let a G V p , i.e. 3£ £ Ig/t such that D a+iJa fi(p) — D^ +iJ i^k(j)(z). Then using 
the invariance of J under w, we have 

D w ( a +iJa)H(w(p)) = w(D a+Ua n(p)) 

(4.3) = w(D i+iJ ^k4>) 

since w preserves t, we have w(£) £ Ig/t. So the assertion holds. QED 
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Write t in two different way: 

t — tp -\- t z £ tp (J) t 2 , t — t W p -\- t z £ tinp © fjs i 

how are t p ,t wp related? 

Lemma 4.4. wt p — t wp G i lop , t' z == t — wt + wt z — t p — wt p + t z £ t z . 

P/: From the first equation, we have wt = wt p + wt z . Also Wp — W(lg m u) and 
t z = lg S p fl t, we claim wt — t G t Z) \/w G W^. The claim holds easily for reflections, 
hence it holds for all w. Thus 

t = wt + (t — wt) = wtp + (t — wt + wt z ) G t wp © t 2 . 

Hence wt p = t wp , t' z = t — wt + wt z by uniqueness of decomposition. Another 
expression for t' z is 

t z = t — wt + wt z = (t p + t z ) — w(t p + t z ) + wt z — t p — wtp + t z . QED 

Let {7'} be the weights of the X^^-action on V w ( p ), then one has 

7' = ^(7). 

Associated with 7' is a weight 7' which is a character of T^ p x T z , as shown in 
Prop. 4.3, defined by 7'(i) = 7' [t w ( p )). Hence 

(4.4) f(t) = i{t w{p) ) = w^iwtp) = 7 (t p ) = 7(t). 



The first group of weights on T( p j ^Xn, denoted by {7} as in Prop. 4.3 are 
invariant under W^, see Fig 4.1. The group Wp are generated by reflections w.r.t. 
planes containing 7. 

Those weights {$'} are defined by (3'(t) = —f3(t w ^). But t w ^ — w(t p ), there- 
fore 

(4.5) ~0'{t) = -(3{t w{p) ) = -w(f3)(t p ) = w0)(t). 
The weights {A'}, are defined as 

(4.6) ~X'(t) = -X(t' z ). 

The following transformation law for the weights is essential for future calculations. 
Proposition 4.4. Let IL : t — ► t z be the orthogonal projection, then 

(4.7) A(*)=A(ni)-A(n*p), (3{t) = f3(m p ). 
At the point (wp,I,z) with w G Wp, the weights are given by 

(4.8) 7' = 7, \'(t) = A(m) - Afwffip), (3'{t) = (3(wm p ). 
For v G W M , 

7 >i) - j'(t) = 7(t), 

(4.9) A'(ut) = uA(m) - wA(m p ), 

/3>i) = w/3(m p ). 

Remark: 1). The projection n can be removed since (3, A are linear functions 
on t z and their extension to t by convention are compositions with n. 2). If 
w G W^Lie/C'), then wt p = t p since [Lie/C', t p ] = 0, and /3' = fi. 

Pf: The proof is divided into 3 steps for each group of equations in the above. 
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1) . Since t z £ t z , and t — t z + t p , apply the map II, one has t z = Ut — Ut p . 
Hence 

\(t) = \(t z ) = A(m) - A(n*p). 

The root (3 vanishes on the orthogonal complement of t z , thus 

Pit) = p(t p ) = (3{m p ). 

2) . An useful observation can be made here: 
(4.10) U(wt) = wU(t) 

which is true for w given by reflection 773 with respect to a root j3 of (LG)^, for 

nfot) = nfo - mn = Wp) - PiW 

Since Tl(f3 v ) = /3 V , also (i{t) = Combine the two one gets 

Hence it holds for any w £ W M . 

It also has been shown that 7' = 7. As for A' and /?', using t' z = t — t wp = t — wt p , 
we obtain 

x'(t) = \{t' z ) = A(nt) - \(m w{p) ), 

~0{t) = I3{t w{p) ) = (3{wt p ) = w(3{t p ) = w(3(Ilt p ). 

3) . Decompose t — t p + t z — v~ 1 t p + t z + (t p — v~ 1 t p ), we've shown that 
t p — v~ 1 t £ t z , since v £ W^. Therefore t' z = t z + (t p — £ t z andu(t) = t p +v(t' z ) 
with v(t' z ) E t z , thus (vt) p = t p and 

7'(vt) = j(vt) = j((vt) p ) = 7 (ip) = 7(t). 

As shown in Step 2), by replacing t there with 

A'(vi) = \(Iivt) - X(wU(vt) p ), 

but Hvt = vUt, and it has just been shown (vt) p — t p , so we have 

n A'(vt) = A(«nt) - X(wUt p ) 

= vX(m) - wX(m p ). 

For /?', following Step 2), one has 

^(wt) = w/3(n(^) p ), 

but (wi) p = t p , therefore 

(3'{vt) = w/3(Ut p ). QED 

Thus we have found how the weighs are related along M^-orbit, and how they 
change under t ^ vt. 
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4.9. Transformation of weights for Zh- For thep G Z/,, the group W(JC)/W(JCh) 
acts on it, in addition to the transformation by w in W((LG)^)/W(IC). The first 
group preserve Z but permutes among {Zh}. Since both (LG)^ and IC contain T, 
there is the obvious exact sequence 

W{K)/W{K h ) -> W((LG) M )/W(/C fc ) -» W((LG) M )/W(/C). 

The strata Z v h/T z x {z} contains [vp, 7, z], where Z v h = vZh- The normal space 
to Z v h/T z x {z} acquires two more set of weights and {(3 V } as shown earlier. 

Let t £ T, with a fixed decomposition t z t p , the action on the normal space at 
[vp,I,z] is that of vht p ■ (vh) t z . 



The assertions in the next lemma are already verified in Lemma 4.1 and Prop 



4.4 



Lemma 4.5. Let v e W{K) /W(K h ) . The weights {§?} and {f3 v } satisfy the fol- 
lowing: 

d v (vht p ■ (vh)-H z ) = d(h), f3 v (vht p ■ (vh)-H z ) = f3(vh). 

If v £ W((LG) li )/W(K.) ) v does not preserves T°. The lifting oft is given by 
(vh)t vp ■ (u/i) -1 ^, where t vp = vt p . With that lifting, the weights {0 V }, {P v } are 
given by the same formula. 

In both cases, the weights of the action by ((vh)t vp , {vh) -1 ^) in the normal space 



of vZ in vF are simply given by the evaluations of the weights given in Prop. 
on ((vh)t vp , (vh)~H' z ) 

4.10. A word about lifting of action by t. For orbifolds, in order to evaluate 
the contribution by the fixed point set, it is necessary to consider all the lifting of 
the action at a fixed point to the finite smooth cover. Once there, one needs to 
find the fixed point set of each lifting and find its contribution. The strata Zh/T z 
for h E I p \ Ip is one of those fixed point sets. What if h £ 1°? For such a h, 
(ht p , h~ 1 t z ) e T p x T z is a lifting of t £ T as well, but ht p G T° , and hence the 
consideration for that lifting is already incorporated when we study the action by 
general (t p ,t z ) 6 T p ° x T z . 
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5. Curvatures of various bundles 

In order to understand the contribution from the fixed points coming from com- 
pactification, i.e. those with images on W(dC), we need to know the curvature of 
their normal bundles. And their transformation law by certain subgroups of W . 

5.1. A general fact. Suppose S acts on a manifold N and C™, the action on N is 
locally free and the action on C™ is linear defined by A : LieS* — > gl(C n ). Let A be a 
^-invariant connection on N with LieS" identified with the vertical subspace in TN. 
Denote the curvature of the connection by Fa which is a LieS- values horizontal two 
form. 

Proposition 5.1. 1). Then (N x C n )/S as vector bundle over N/S has a connec- 
tion whose curvature is given by X(Fa). 

2). Suppose V = C"/A where A is a finite group acting on the vector space 
linearly. If S acts on N x V , such that the action is locally free on N , and is a 
linear action on the orbifold line bundle V, i.e. there is an extension of S by the 
finite group A, S' acting on C" linearly. Then the orbifold line bundle (N x V)/S 
over N/S has the same curvature form as in 1). 

Pf: 1). On the trivial bundle N x C™, defines the following connection d + A • A, 
notice that A • A : TN — > gl(C n ) is indeed a 1-form. This connection has the 
feature that the curve (fft(p), 3t(f)) is horizontal for any 1-parameter subgroup 
{gt}- Therefore, it descends to a connection on the quotient space N/S. For the 
quotient connection constructed this way, the curvature is given by the descent of 
the curvature upstairs which is of the given form. 

2). Let S' act on TV through S. Then apply the above argument to the extension 
group S'. QED 

5.2. Action by T z on bundles. The group T z has a local free action on cither 
Z or Zh- The action is obtained by restricting its action on X to the given sets. 
Therefore it acts on the various subbundles of the normal bundles. Denote the 
action on normal bundle by dt z , Vt z G T z . 

Lemma 5.1. 1). dt z : V p — > Vt zP is an isomorphism preserving the decomposition 
into V° © N. 

The map dt z extends to an isomorphism 

(5.1) dt z : N p 8 (^yLie/C H z -> N tzP © (Zg^/Lie/C © H z . 

2). The quotient by T z as described in Eq. \5.\ ) defines the normal orbifold line 
bundle to the fixed point set F in Xn- 

Warning: The action by t z above should not be confused with the T-action on 
normal bundle to the fixed points studied in Section 3. The action here defines the 
equivalent class, while the action in Section 3 is on the set of equivalent classes. 

Pf: Let (p s ,h s ,z s ) be a curve with (poj^Oi^o) = {p,I, z )- Let q = [I,z] € X. 
Using the defining equivalence relation, the diagonal action by T z on the first two 
factors is 

(p s ,h s , z s ) i-> (t z p s , t z h s , z s ) ~ (t z p s ,t z h s t~ x ,t~ x z s ). 
Differentiate the above at s = to obtain the diagonal action by t z on the tangent 
vectors: 

(5.2) dt z (p',h',z') ~ (i z *(p'),Ad t >',** V))- 
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If (p', h', z') e V p , we have z' = and 

(5.3) Dpi+ijpifiip) = Dv+ij/h'ktixiq)- 

Let t z * denote the induced action by t z on the tangent space. Apply the action 
Ad tz on both sides, and combine that with the properties of dfi, one has 

Dt z «{p>+iJp')H{tzP) = Mtz(D { p, +l j p/) fi(p)) 
= Ad tz (D {h , +uh , ) [i x (q)) 

= A„(/i'+i.//i')Mx(a), 

which shows that (t z *(p'),t z *(h'),0) € V tzP . 

The calculation above also shows for general g 6 LG, the following holds: 

(5.4) g*(p' + iJp',h' + iJh',0) = (g*{p' + Up'), Ad g (ti + iJh'),Q). 

Since T p , T z commute, one has T tzP = T p , and clearly (p' + iJp 1 ', hi + iJh! , 0) has 
a non-zero weight under T p iff {t z *(p' + iJp'), t z *{h' + iJh') 1 0) has non-zero weight 
under T tzP = T p . Hence N p is N tzP under t s *. 

The map t zlt preserves (Zg)^/Lie/C since t z is the Cartan subalgebra of the semi- 
simple part of (Zfl)i, and T z preserves Lie/C under the adjoint action. The map 
t 2 * preserves H z because T z fixes z and -ff z is the subspace in T z X g with non-zero 
weights. So it is stable under the action by T z . 

2). The normal subspace to the fixed point set consists of non-zero weight 
vectors in the tangent space V p (Zg)^/Lie/C © H z . Therefore, it is given by N p 
(Zg) i/Lie/C © H z before mod out by the local free action of T z . QED 

5.3. Curvatures of the normal bundles. Next we calculate the curvatures of 
the three subbundles given in the above. The transformation of the curvatures 
under the action by will be given as well. 

Following Eq. (|]§), for (p',h',z') in (Zfl)^/Lie/C, i.e., p' = 0, z' = 0, and h! 6 
(Zg)^/Lie/C, the action by T z is the adjoint action. And the action by T z on H z is 
the action by isotropy group, since T z fixes z. 

Based on that Eq. (5.2), one can write the curvature in terms of the weights and 
the connection A as follows: 

Proposition 5.2. l).The curvature of the bundles 

Z x Tz ((Zfl)^/Lie/C), Z x Tz H z 

are given by 

- ffi/3eA M /A(LicK;) P-dA, — 0a A • dA 

respectively. 

2). Let V be a T z -invariant connection on N = {N p } p ^z over F p D /i -1 (</>) ; and 
a q (t) = Ct — Vt, where Ct is the Lie derivative oft acting on the bundle N, then 
the curvature of N is given by 

(V) 2 + a q {dA). 

Remark: A simple but potentially important observation is that t z acts in 
Eq. (5.2) on the last component z s as t z x . This introduces the — sign in the 
next proposition. Hence the weights are {—A} while the curvatures are given by 
{XdA}. For the bundle defined by Zg^/t, the weights are {— (3} — — A(lg fl ) + while 
the curvatures are —{(3d A}. 
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5.4. Transformations of curvatures under W^. Recall that the fixed point sets 
F p fl transform under the action by the subgroup in W , W^, which is the 

Weyl group of (LG)^. We want to know first how the transformations act on the 
normal bundles and how the curvatures change. 

If the following, for w G W M , we fix a lifting to (LG)p and it will be denoted the 
same. 



It follows directly from Eq. (5.4), at (wp,I,z), the bundle V wp — w*V p . Also, 
T wp = wT z , thus v G V p is of non-zero weight with respect to T p iff w*(v) is of 
the same weight with respect to the action by wT p = T wp . Therefore, one has 
N wp — w*N p . On the other hand, T z is the Cartan subgroup of (LG) S ^ which is the 
semi-simple part of (LG)^, whence is the normalizer of T z . And conveniently 
we have {N wp }/T wp = w({N p } /T p ). Hence we have proved the first part of the 
following: 

Proposition 5.3. 1). The pull-back to {N p } by w of curvature form (V) 2 + a q (dA) 
of the bundle {N wp } at wp is the same as that of {N p } at p under the map w* . 

2). The pull-back under w of the bundles wZ (7g) M /Lie/C ; wZ Xt z H z have 
curvatures given respectively by 

- ©/3eA^/A(LioK;) w^ 1 08) • dA, © A ur 1 (A) • dA. 

Pf: The two expressions in Part 2 can be verified the same way. Let's take the 
first one. For each subalgbera Iq^, one has the isomorphism: 

w* : F p n/i _1 (0)) x Ad^-i (flp) -> F wp n/i _1 (0)) x g f3 . 

The action by T z on AA w -i(Qp) has weight — u> -1 (/3). Therefore the curvature is 
given by -w^ifi) ■ dA. QED 

5.5. More on the curvature of the bundle N. Recall N — {N p } pe z, and N 
is the quotient N/T z . The group K! acts on N in a obvious manner, since K,' 
commutes with T p . Let V be a /C'-invariant connection on the bundle N, and the 
associated moment map e be defined as 

<e(q),(0 >.= C t - V ? G hom(iV g ). 

Since we have PA : TZ — > Lie/C', we can change V to a new connection by adding 
a 1-form 

V = V+ <£(<?), PA{-)>. 

The invariant sections of TV now are horizontal with respect to V. 
Using invariant sections on N, one proves easily the following: 

Proposition 5.4. The connection V descends respectively to connections on N — > 
F and N jKJ — > Z//C' = E . The curvature 2-form on F is the pull-back of that over 
E. In particular the curvature is trivial on the fiber tt : F — > E. 

5.6. The curvature form of bundles over Zh/T z . Along the strata Zh/T z , 
there is the normal bundle in Z: nor 1 (Z/ l , Z) © Lie/C/Lie/C/j in addition to the 
restriction to Zh/T of the normal bundle of Z/T z x {z} in TXjs/\ Zh / T ^ x ^ z y 

The curvatures and their transformations under of those two bundles can 
be written down similar to what we have just done for Z. Recall that Zh admits a 
locally free action by IC' h , and Zh/T z is a fiber bundle with fiber given by a finite 
quotient of IC' h /T z . On Z/- t fix a /C^-invariant connection Ah, so that the tangent 
space is decomposed as T H Zh © T ± Zh, and Ph : T — > Zh x LielC' h is the 
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trivialization of the vertical bundle. The map Ph performs the same function as 
that of P for Z . Fix a connection for the bundle T^Z which satisfies = Cg, V£ <E 
Lie/C^. Its existence follows the discussion on Z with respect to the group /C'. 

For convenience, we group the two components in the normal space to Zh, 
(Zg) Al /Lie/C and LiefC/LieJCh together as (7g) M /Lie/C/j. They received separate treat- 
ment earlier since the first one is normal to Z and the second one is tangent to Z 
but normal to Zh . 

The proof of the following is identical to that of Prop. 5.3, just replace Zh by Z. 

Proposition 5.5. The curvature o/V is the pull-back of a form on Zh/K-h- 

The curvature of the bundle Zh Xt z ((^£l) At /Lie/C/ l ) on Zh/T z is given by — J2 e e 1 
dPhAh where e are the simple roots of not in Lie/C^. Furthermore, the cur- 
vature form Rh = dPhAh can be decomposed into 

dP h A h = B h + R h 

where Bh(u, v){jpg) and Rh(£, v) satisfy the same property as that of B, R in Lemma 



For w £ W^, the normal bundle at wp € Z w h is given by 

wV® 1 8 wN p e (Igj^/UeKwh ffi H z , 

where V® 1 is the maximal h-stable subspace ofV® on which det(I-h) ^ 0. The cur- 
vature of the first two components are the same as those at p G Zh- The curvature 
of the last two components are given respectively by 

-®w- 1 (/3)-dP h A h , etw-^A) • dP h A h . 
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6. A FUNDAMENTAL FORMULA 

In order to prove the desired fixed point formula, we need to understand the 
contribution from the fixed points in Xn of type 2) and 3). Those do not come as 
fixed points of X itself under the T-action, rather from certain compactification, 
Xn, of the quotient X by the nilpotent subgroup LG ■ . For in the space Xjy, 
there is an open dense set which corresponds to X/LG + . 

We will prove in this section an important formula which enables us to calculate 
the contribution from the type 2) and 3) fixed point set in the next section. 

Suppose 6 is the Lie algebra of the semi-simple compact Lie group K, with t as 
its Cartan subalgebra, given a choice of Weyl chamber in t of t, assume that {A} 
is the set of fundamental weights in t*, {a} is the set positive roots, and W is the 
Weyl group. Let k denote the rank of t. 

For a character of t, I, define the symbolic notation 

(6.1) z l = exp(27ri;(x)), z\ = exp(2ml(y)) 

where x, y are t-valued forms of even order, e.g., x — x' + x" with x' £ t and x" a 
t-valued curvature two form. Denote the number of simple roots by m, and the set 
of positive roots by A + (K), the set of fundamental weights by {A}. 

Proposition 6.1 (Fundamental Formula). 

(6-2) = V 1 

= 0. 

Pf: Step 1): Apply the well known formula that 

w(a) = w{p) - p 

w(a)<0 

where p is the half sum of the positive roots, to obtain 

1 

uji - ) n A (i - ^W) fui - v a ) 



z (-w(p) +p ) z (-<p)+p) jjji _ z - a) tt a (i _ zW x z f ) rjji _ z -«) • 
Next observe that ^ A A = p, or ^w(X) = w(p). Likewise for v, thus 



(6.4) ITa - zWXz i x ) = {-v m z wp 4 p - 

A A 



z z 



Denote the le ft si de of the equation (6.2) by L.H., after substituting the last ex- 
pression into (|6.3[ ) to get 

(6.5) 

T JJ — 1 \^ r-,\m+a(w)+a{v) \ 
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First we rename the index v to vw, this is legitimate for obvious reason, then 

Ef _iW«0+<t(i;) \ 



A ) 

io,d£H' 11AV 1 / 

1 



(6.6) = E (-ir w+CT 



(to) 



- E 



n A (i - z wx z\ wx ) 



AU Z Z l ) 

Step 2): Next we shall verify that the last sum vanishes. 

It is well known that {A} spans the positive Weyl cone t + , and the set of cones 
of the form w(t + ), Vw G W spans t, and there is no overlapping in the interiors of 
those cones. 

Let S denote the set of all possible subsets of {A}, and V5 G S, let IS*! = #5, it 
satisfies 1 < \S\ < m. The maximum number is m. 
From [M], one obtains the following relation: 

(6-7) E M)' S| 7 " V = 1 " 

From this we deduce that 

(-ir E — ? v 

weiu 11a 1 - ex P < w ^> 27ria; > 
(6.8) V 

= 1 e 



|S|<fc,u)GW 

Y[ x&s (l-e^<w\,2mx>) 

Let x = t + v(s) with z = e 2 ™*, zi = e 2 ™, we have 

cxp < w\,2Trix >= z wX z" wX . 
Summing over v G W with sign (— iy^ v \ we have 
(6.9) 

( _ 1)fc+g („) _ 

»,«ew WaI 1 z z i > vew w ,vew,\s\<k LIags^ 1 z z i > 

the first term in the last line is 0. When \S\ < k, those weights in S span a face of 
the Weyl chamber t + . The face, or S, is fixed by a non-trivial subgroup of W. The 
subgroup is denoted by Ws which is the Weyl group of a subgroup of K. And the 
subgroup Adu, Ws fixes the set of weights w{S). 
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Let W be divided into cosets by Ad™ Ws and let [vo] denote the coset, then for 
a fixed S with l^l < k, one has 



y 

■j,vtw llxes \ L z z i J 



(6-10) lv ]ew/Ad w Ws,weWveAd w w s Uxes ( L ~ ^4™*) 

[v ]ew/Ad w w s ,wew veAd w w s Llxes \ L ~ z z i ) 
= 

because X]t>eAd„ iy s (~l) <T ^ = 0- Thus we have the desired claim. QED 
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7. Affine Weyl subgroups and the dual Coxeter numbers 

In order to apply the formula proved in the last section, we need to know more 
about those fixed points of type 2) and 3) occurring along an affine wall of C. 

Some familiarity with the affine Kac-Moody algebra is required here, see [K] for 
reference. 

Let (p, I, z) be a point which defines a fixed point in X^. Assume that fj,(p)/k — 
4>{z) E (dC, I), i.e. that fixed point is of type 2) and 3). Let \i denote fJ,(p). 
Conventions: 

In the following, we treat the case when /i is of level 1 to simplify the notation. 
The general case follows after replacing fi by fi/k. 
If fi 6 dC, there are two possibilities: 

a) , (i E C \ C afi , i.e., \x is not on the wall defined by 9 = 1, 

b) . 0(/z) = 1, or n e C aff . 

In the first case, is generated by reflections of a subset of simple roots, and 
(LG) M is generated by all the gp such that (3 is a simple root vanishing at \i. In 
particular, (LG)^ is a subgroup of G and is a subgroup of the regular Weyl 
group W. 

In case of b), the affine root a® = 8—9 plays an important role. And the reflection 
with respect to a = or 9 = 1 is the composition of the reflection defined by 9 = 
and a translation element. 

To understand this and the group (LG)^ more thoroughly, we need a few things 
from the theory of affine Lie algebra. 

7.1. A few facts on affine Lie algebra. 

Proposition 7.1. Let A+ be the set of simple roots of q with respect to the cone 
spanned by the alcove C, {Ai} be the set of fundamental weights of g. 

a) . If [i is not on the affine wall, then 

A+ = {/3|/3( M ) = 0,/3e A+} 

is a set of simple roots for (Iq)^. The fundamental weights o/(Zg)^ is the orthogonal 
projection with respect to the form (■]■) of {Ap} to the linear span o/A+. 

b) . If (i is on the affine wall defined by 9 = 1, let 

A° ={/3|/3(A0 = O,/?e A+}, 
A+ = {S-9}liAl 

is the set of simple roots. The fundamental weights are given by the orthogonal 
projection of 

-/i, - a>, 13 e A+ 

to the linear span of A+ . 

In both cases, the group (LG)^ is connected and its Weyl group is the subgroup 
in W aS generated by reflections using elements in A+. 

Remark: The fundamental weights of (Ig)^ may not be weights of g. Neverthe- 
less, they are in the rational span of A + . 

Pf: For a), the Lie algebra (Ig)^ is a subalgebra of g, generated by gp, [3 E A+. 
The assertions are well known facts about finite dimensional semi-simple algebras. 
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For part b), first we verify the assertion about the fundamental weights. 
2{Ap - a}n\a)/(a\a) = 2(Ap\a) / (a\a) = Sp a , a e A°; 
f?11 (-/x|a)=0, «eAj; 

(-/x|-0) = i; 

(A/3 - a}n\6) = a v p - = 0, 

the last equality is due to the fact that (Ap\0) — d£. Thus, the given set is dual 
to A+, and therefore its orthogonal projection is the set of fundamental weights of 

The best way to see A+ of part b) is a set of simple roots is to use the theory of 
affine Lie algebras, from which we learn that 

A p = {a :=6-9}UA+ 

form a set of simple roots for the algebra g . Now it is known that any subset 
of simple roots is a set of simple roots for the subalgebra generated by the subset. 
Therefore, 

A+ = {a }UA° 

is a set of simple roots. On the other hand, 

(S\5) = 0, (S\a) = 0, Vae A, 

see [K,Ch.6]. Thus the inner product of a pair in A' is the same as that of the 
corresponding pair in A+. In particular, the Dynkin diagrams formed by A' and 
A+ are the same. Therefore, A M form a set of simple roots for the subalgebra (Iq)^- 

From the characterization of the simple roots of (LG)^, it is clear that its Weyl 
group is generated by reflections using A+. In case p is on an affine wall, the 
reflections are with respect to {a — 0\a £ A° } and = 1, as desired. 

The connectedness is based on the well known argument in Lie theory. Decom- 
pose (LG)^ = UKi into connected component, and Ko contains /. For g G Ki, 
Ad g Ko = Kq. Multiplying g with an element in Kq if necessary, we can assume 
that Ad ff T = T where T is the maximal torus. Therefore, g is in the Weyl group 
of K , therefore g e K . QED 

7.2. The half sum of positive roots of (LG)^. Let A p be as before, and {Ai} 
be the set of fundamental weights of (Zf|) M . We have seen that Ai is given by the 
orthogonal projection of Ap — a^fi. 

Let be the half sum of positive roots of (Zjj)^. For finite dimensional Lie 
algebra, it is well known that 

(7-2) Pm-E A - 

i 

The following is as important as the fundamental formula: 

Proposition 7.2. Let p be the half sum of positive roots of g, p a g — p + h v A , 
where h v is the dual Coxeter number defined by h v — 1 = J2i=i i a \> then the 
following holds: 

1). If < 0,4 XI: 

w (Pn) - /V = w (p) ~ P mod z<5 ' ^ w <= w n 
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and 

(7 3) e 2wi(<vk(j>— p+vp— vpfi,t>) _ e 27ri<fc0+p t , ,t> 

2). If < 9,<f> >= 1 is on the affine wall of C , 

r (Pp) ~ = r (/°) _ P mod Z <> 
where r is a reflection defined by a simple root of g. Lei r# be the reflection with 
respect to the affine wall 4>(9 V ) = 1. 

re(pp) - Pn = r g {p) - p + h v 6, 
where v : g aff — > g aff * is the map induced by the bilinear form (■]■) on g aff . 

And when t is restricted to the lattice k A ^ hv , with M* being the dual of the long 
root lattice, 

e 2TTi(<vkct>+p-vp+vp^,t>) _ e 2iri<k<f>+pu.,t> y y g ^0 

where W® is the subgroup of W generated by the reflections with respect to a G 
and 9. It is isomorphic to W^. 

Pf: 1). It is enough to verify that for reflection r a , a £ A+. In this case, a is 
also a simple root of g. Thus, 

r{pp) - pp = -a = r(p) - p. 

In this case, all the simple roots in A+ vanish at <fi by definition of (Ig)^- Therefore, 
v<p — <fi, the eq. (7.3) holds as a consequence of the identity just proved. 

2). If r is generated by a simple root of g, which is the case if a € A° , then the 
previous argument works. If r = rg, —9 is a simple root of (lg)p but not of g, we 
obtain 

re(Pp) - Pp. = 9 mod ZS. 

On the other hand 

re(p) - P = - < P,9 V > 9 = -(h v - 1)9, 
where the last equation is from the definition of h v : 

h v = 1 + < = 1+ < P, V > ■ 



Now 

thus we obtain 
(7.4) 



rgkcf) = kcj) - k < <t>,9 v > 9 = kef) - k9, 

e 2-7Ti<r g k4>-p+r e p-r g p l _ i ,t> 

2-Ki<k4>-{k+h v )9-p^,t> 



= e 

which equals e 2m < k, P-p^,t> on the lattice since 

M 

< (k + h v )9,t><EZ, Vie " 



k + h v 



The above holds now for the generators in W®, therefore it holds on the lattice 
jML, for all W° 

k+h v P 

The isomorphism between and W®, the only difference among the generators 
is the form has a reflection w.r.t. 6—1 while the latter has one w.r.t. 9 = 0. QED 
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8. Further orbifold complications 

In order to apply fixed point principle to the space Xn, we need better under- 
standing of the action by T on the normal bundles to the fixed point set of all three 
types. 

8.1. Weights on the toric variety X g . We divide the discussion on the normal 
bundles according to the types of the fixed point sets. 

We continue to use the convention from the last section. 

8.2. When /i is on (dC, 1). This is the more interesting case. Recall that X s 
is constructed as a global orbifold toric variety. First we investigate what is the 
stabilizer and the weights at a point on X g . 

From the last section, we have learned that the fundamental weights of (LG)^ 
is given by orthogonal projections of the following vectors: 

Ap - a w pn, f3 e A M 

together with fi if a = S — 9 G A M . In the above, Ap is a fundamental weight of 
g as well since (3 is a simple root of q. Because X g is an orbifold, the polytope C 
is not a simple convex polytope (see [O] for definition) with respect to the weight 
lattice M generated by {A^}, but rather it is a simple polytope in the larger lattice 
M' generated by {Ap/al}. The larger lattice defines a unique covering of T, T" so 
that ttT' T has the quotient M'/M as its kernel. 
The dual lattice of M is given by the coroot lattice 

The dual lattice of M' is given by the sublattice 

AT' = £Z(«). 

So T — R l /N and T = R l /N'. 

The polytope C is integral with respect to M', and it is actually a simple simplex. 
Thus it defines smooth toric variety X' with respect to the group (T') c , X' is in 
fact the projective space CP 1 , and X g = X'/kem, see [Od, p96]. 

Proposition 8.1. On X' ~ CP 1 , assume z' G _1 (dC). The stabilizer of z', T' z 
and the weights of the action by T' z on the normal bundle is given by the following: 

1) . If n — 0( z ') i s n °t on the affine wall, the stabilizer is given by 

]T R/?7( E ^ a W)- 

/3eA M /3eA M 
The weights are given by the orthogonal projection to v(t' z ) of 

2) . If is on the affine wall, recall A M = {-6>}UA^ and A° = {(3 G A+|/3(/x) = 
0}. The coroot 9 V G N' by definition is ^2iOjaJ. 

In particular Zo^/3 v is a sublattice of N' , where a,g = 1. The stabilizer again 
is given by 

The weights of the stabilizer are the orthogonal projection to v(t' z ) of 
{-V} U {A fj /al - M |/3 G A° }. 
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Pf: The simplex C defines a polarization and a moment map <j> which has C as 
its image. Let dC^ be the smallest face passing u and be the smallest linear 
space containing dC^ — u. If 4>(z r ) — \i E dC, the image of d<j)(z') is exactly V^, 
and the subspace perpendicular to C t* is the image under v of the stabilizer t' z . 

On the other hand, the face dC^ is defined by n / 3 e A M /?~ 1 (0), if « is not on the 
affinc wall. And given by 

^(1)^0 p-\o), 

if u is on the affine wall. In either cases, 

Therefore, the Lie algebra of the stabilizer l' z is of the desired form. Clearly the 
lattice X^/3gA m ^ a ^ v is i n t' z > an d m fact it is t' z fl N'. Thus the stabilizer of z' in 
T' z is t' z /(t' z n N') whose explicit form is given by the proposition. 

To understand the claim on the weights of the action by the stabilizer on the nor- 
mal bundle, we recall first that each point on the toric variety X', the neighborhood 
is constructed as follows: 

Let A be the tangent cone of the simplex C at the point (fi(z'), A is a convex 
cone. Take the semi-group <7 M = N' n A. Because C is a simple simplex, it is easy 
to see that 

i 3 

where {r]i} U {£j } is a base of the lattice N'. Since Z£j is a sublattice, it is given 
by the lattice points in the maximal linear subspace contained in A, V^. Then the 
action of T" on a neighborhood of z' in the toric variety X' is given by 

t(zi, ...,z m ,w\, ...,w n ) = (t m zi, ...,t Vm z m ,lt n Wi, ...,i ? "w„), 

the point z' correspond to a point with Wj = 0, zi ^ which also defines the fixed 
point set of the subgroup T' z . The above facts about toric varieties can be found 
in Ch. 1.2 and Ch. 2.4 in [Od]. From this it is easy to read off the weights by the 
action of T' z near Wi = 0. They are given by the restriction of those weights £j to 
T' z . Or the projections to v~ Xl t! z of 

What are those weights {%} U {£, }? First select a lattice point Aj/aJ on the 
affine subspace spanned by the smallest face <9C M passing «, then 

{%} = {A k /al - Ai/aJ e V,}, {&•} = {A./aJ - A,/< £ 1^}. 

On the other hand, if one replace Ai/aJ by a point on dC^, such as \x itself, the 
projection to the orthogonal complement of docs not change. Therefore, the 
weights of the action by T' z can also be given by the orthogonal projections of 

{A^/aJ-MlA.-AzJ-M^}. 

In the above construction, {Aj/aJ — is allowed to account for the weight which 
is the projection of —fi. QED 

Definition 8.1. Let e v be an element of the coroot lattice so that it is given by 
(1/n) X) Qi ^A° a i a i > w here n > 1 and no fraction of e is in the coroot lattice. 

Obviously, for su(l + 1), there is only one choice n = 1. 
Notice the definition of n depends on A°. 
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Corollary 8.1. 1). When < (j), 9 >< 1 where <j) = <j)(z) G t* ; the group T' z /T z is 
given by the finite group 

ex P( bia i )> 0<h < aj. 

2). When < (f>,9 >= 1 where (f> = <j){z), the subgroup T' z /T z is given by 
exp(6e v + Y b i a i)> 0<b<n, 0<bi<aj. 

Pf: The group in question satisfies T' z /T z ~ N/N 1 . From the expression of N, N', 
we can identify the elements in the kernel of the map T' z — > T z easily. 
The second assertion is based on the simple observation that 

ne v = e v mod ^ Za}(3 v . 

Now we claim {ne v } U {o^'I^ao spans N' as well. To verify the claim, let m 
be in the sub-lattice ND (Ea s eA" KaTy+Rtf"), thcn m = Ea.eA" naj + r9 v , let A; 
act on both sides, by assumption Ai(m) e Z, therefore m, = +ra^ = Ai(m) e Z. 
Som = Da.eA ( m * - ra i ) a I + r ^ v - Replace m by m' = - J2 ai eA° ra i a l + r ^ = 
r Sa ^A° a i a J' w here in the last equation the definition of 9 V is used. Clearly m! 
is in the same sub-lattice as m, and ml is a integer multiple of e v because raj G Z. 
This proves the claim. 

From there, it is easy to identify what N/N' ~ T'JT Z is. QED. 

8.3. The transformation of T'JT Z . 

Lemma 8.1. Under the action by W^, the isotropy group T' z /T z transforms into 
itself. 

For <f) with < <p,9 >= 1 and fi = (</>, 1), 

27ri<^,tu(&e v +£ ai6A o &,<)> _ e 2m«t>,wb<C > _ ^TtKcj, ,b(? > 

Pf: The first one is easy to verify using reflections defined by simple roots of 
(LG) M , to be more explicit: 

r fj {be v + b ia J)=be v + ^aj- <be v + b i a i , P > F 

a.eAJ » z eA» ai eA» 

where (3 is either 6 or in Aj^. In either case, because the coefficient of f3 v above is 
in Z, after mod out the lattice defining T' z , it is clear that the element above is in 
T'JTz- 

For the second part, first observe that e 2 ™<^/3 v > = l if j3 g A° or (3 = 9. So 
the reflections does not change the value, hence it is invariant under W^. Or 

^2Tri<4>,w(be v c.eA" &i<)> _ ^2ni<cj>,be v a , £ A» b » Q T> _ e 27ri<0,6e v > QE£) 

8.4. The relations among the groups T Z ,T' Z and the maximal torus in 

(LG)^f. We have just studied the relation between T Z ,T' Z . A third Abelian group is 
the maximal torus S of (LG)^f, the three share the same Lie algebra. The difference 
is the defining lattice. 
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Lemma 8.2. The three groups are related as: 

where each arrow is a covering. When 6(<ft) ^ 1, S ~ T z . When 8(<f>) = 1, 
S/T z ~ Z/nZ where n is defined before. 

Pf: If 9((f>) ^ 1, the coroot lattice of (LG) S ^ is given by {ct v } aeA +, where each 
a v is also a coroot of g. So the lattice defining T z is the same as that defines S. 

If <6,(j> >= 1, the coroots are {— O v }L){a v } ae ^ which form the lattice defining 
S. On the other hand, the lattice defining T z is generated by e v and {a v } ae ^a, 
therefore the claim is verified. QED 
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9. A COUPLE OF INTEGRATION FORMULAS 

One of the key steps in prove the cancellation formula is the following evaluation 
of certain differential forms on a space which is a fiber bundle. To be more precise, 
let Z — > F — > E be an sequence so that F = Z/S and E = Z/K where S is a the 
maximal torus of K and K admits a local free action on Z. 

We shall use the notations introduced in Sect 1 on the connection dPA defining 
the vertical and horizontal parts of F. Let P, R be the vertical and horizontal part 
of dPA respectively. 

There is one exception here, S is used instead of T z and K is used instead of JC" . 

Proposition 9.1. 1 ). Let e be a weight of S, then the bundle Z X5C with (ps, v) ~ 
(p, s e v) defines a line bundle on Z/S = F with curvatures given by < e,dPA >. 
The Chern class is given by < e, B + R > . 

2) . The following holds: Td(TF) = Td(T H F) • Td(T"F ), Td(T H F) = 7r*Td(P) 
and 

Td(T"F)- TT - i / 2 *< T > B + R> 

tEA + y ' 

where A + is the set of positive roots o/Lie/C. 

3) . Localization for a family: 

(■ i/2-K<ue,B> 

in T d (TF)e^<^>=T d{ E) ^ _ i/2K . 

(TAis equation and the next should be viewed as identities about differential forms.) 

4) - 

Td(TF) 

, J] (1 - e 2«< e ,t+l/4^fl+l/4^ B » ) 

(9-1) _ 1 

— Td(-E) T-r /-. _ p <T,i/2KuB>\(-\ _ p 2TTi<e,t+lliTT 2 uB> \ m 

uew(K) HreA+U e Jl 1 e J 

P/: The first part repeats Prop. 5.1. Since TF = T H F x T"F, the Todd class 
satisfies the equality 

Td(P) = Td(PF) = Td(T ff P) x Td(T"P). 

On the other hand, as discussion in Sect.l, T" F ~ Zxjii, where n = s 1 - C t. 
Hence 

T"F = (B T eA + Z x s C, 

where — r is the character of S acting on C, the sign reflects the choice of the 
complex structure on X x X. According to Part 1), the Chern class of the line 
bundle is represented by — < t, B + R > and the Todd class of T"F is the product 
of the Todd class of the line bundle corresponding to each positive root r. Thus 
the expression is verified. 

To see 3), we employ the localization of equivariant cohomology class 

(9.2) 



L 



n -2th < r, 1/4tt 2 R + X> 2ni<e , x+1/in i R> _ v e ^ux> 

, 11 (l _ e 27ri<T,X + l/47T 2 R>) C p2iri<T,uX> \ ' 

K l b reA+ v ' ueW(K) 11V 
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the above is an identity for analytic functions in X, MX 6 s. If we plug the s- valued 
2-form B , instead of X, we end up with an equality of forms. This is exactly the 
claim of Part 3). 

To see the claim of Part 4, inserting < r < 1 and introducing the multi-index 
n e Z m with to = #{e}, and e = (ei, ...e m ). Then 

Td(TF) 

i ([p]) n e (l ~ re 2 ™<^+i/4^,R+i/4^,B>) 

= Td(T ff F) r |ra| e 2irm-ei / rj 1( j^//^ e <n-?,i/27r(K+B)> 

( 9 - 3 ) „ „ . 

= Td(T- J F)^rl^e^ £ n(1 _ ei/a , <T , ttB>) 

n ueW(K) iLy ' 

— Td(T F) 2^ J|(l _ e <r,l/4^ 2 ttB>) ]1 (1 — re 2ni<e,t+l/4TT 2 uB>y 

once the formula is established for < r < 1, we can take limit r — > 1. QED 
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10. T, G-SPACES AND THE CONSEQUENCES OF THE MAIN RESULT 

Before we tackle the technical difficulty, the main cancellation, let's first see a 
couple of consequences of the main theorem. 

There are two groups of results presented here, one is in the general case and 
the other is the holomorphic case. 

10.1. Passing from T-modules to G-modules. If Vr is a T-module with weight 
vectors in t+, then one can apply the holomorphic induction to get a G- module from 
it. Namely, let 

V T = ®xef + m x Cv x 

where v\ is a weight vector with weight A and m\ e Z + the multiplicity of the 
weight A, then define 

V G = ®\et* + m x V\ 

where V\ is the unique highest weight G- module with A as the highest weight. 
The above is just the usual holomorphic induction. 

Apply this construction to H°(Xn, Ln) to get a G-module which is denoted by 
Vq{X n ,L n ). 

The long passage we have taken that started from the LG-module H°(X,L) 
to H°(Xn, Ln), and then Vq{Xn,Ln) has some advantage. It is relatively easy 
to construct Xn which should be viewed as the compactified quotient of X by the 
maximal Borel B + C LG C . We could have taken the quotient by Bf C B + which is 
/ at a fixed point on the circle. It would be more difficult to find its compactification, 
and will be done on another occasion. Although the space Xn Xj-G which will 
be discussed more in the next section can be thought of as poor man's version of 
X/Bf. 

10.2. The character functions of T and G modules. The character functions 
of the modules Vr, Vg are related. Let 

Xc(g) = tr(t|v G ), xr(t) = tr(t\v T ). 

It is known that Xg(q) is a class function, so its values are determined by the 
restriction to t € T. As an easy application of the famed Weyl character formula, 
one has the following: 

weW HaeA+l 1 e ) 

10.3. Relating T, G-spaces. The description above has a generalization. Suppose 
that P is a compact symplectic manifold (or orbifold) and V is a complex line 
bundle on it, and the pair admits an action by T, so that the action by T on 
P is Hamiltonian. Assume the above data fit together in the sense of geometric 
quantization, c.f. [GS]. Then one can define the following T-equivariant Riemann- 
Roch: 

(10.2) RRp(t) = J Td(TP)Ch(V)(t), 

the above is also the equivariant index of a spin -complex. Via the fixed point 
formulas of Atiyah-Bott-Segal-Singer, the above can be written as contribution as 
^ f FCf(£) where {F} is set of connected components of fixed points, FCf(£) is 
an integral on F involving Td, Ch and equivariant classes of the normal bundle of 
F in P. The exact expression will be given later. 
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By assumption on P, there is a moment map <j> : P — ► i. Suppose that <j>(P) C t + 
which is the positive Weyl chamber of g, we can associate a G-space with P, PxtG, 
a G-bundle with V over P x T G, ir*(V)/T where n : P x G — > P is the projection, 
the action by t E T on n*(V) is given by the following: 

(10.3) (p, g, v) e n*(V) ~ (tp, tg, t^v). 

The following proposition is an easy exercise, as an application of the Atiyah-Bott- 
Segal-Singer fixed point formula on both T and P Xp G: 

Proposition 10.1. 

w/iere f/ie left side represents the G-equivariant Riemann-Roch number associated 
with (P x t G,tt*(V)/T). 

10.4. Contribution from fixed point sets. Given a connected component F of 
T-fixed point set inl t = /i _1 (t x {fc}), define 



(10.5) FC 



_ Td(F)Ch(£|f) 
p dct(l - t- 1 e-^)|norC( J F, X t ) 



where Td(F), Ch(Lp, t) arc Todd class and T-equivariant Chern class of TF,L\p 
respectively; the denominator is the standard equivariant class in the finite dimen- 
sional fixed point formula of the complex normal bundle of F in X^. The existence 
of the complex structure on the normal bundle has been shown in Section 1 . 

10.5. Coefficients of modular transformations. Use the notations introduced 
in Section 1, and let \a be the character function of the highest weight G-modulc 
defined by a e P + . The following is in [K, Ch. 13]: 

Proposition 10.2. 

(10-6) t -^-t £ (x b -X-a-D*)(e^- 1 ^) = 6 b , a , 

I (k+h")M I XeP k 

where a is the weight whose highest weight module is contragredient to the one 
defined by a. (or a = wp{—a) with wp being the longest element in W). 



10.6. Consequence of the main theorem. Assume the main theorem, how can 
we determine the function RR(Y) from its values on the subset {e 27ri!/ T +^ r | A £ P+j? 
We will prove Cor. 1.1 here. 



Lemma 10.1. 1). 

RR T (X N , L N ){t) = m " ta 

aeP^ 

where P+ is the set of weights in kC. 

2) . m a = RR(A / ( a ,i a ) the Riemann-Roch number of the pair (A4 a ,L a ) where 
A4 a = 4>~ l {a)/T and L a is the induced orbifold line bundle on A4 a . 

3) . RR G (Y,L Y ) = Z aeP k m a Xa where \a is the character function of the highest 
weight G-module defined by a. 
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The first assertion follows from an important fact that m a — if a is outside the 
image of kef). We already know that the image lies in kC, so a must be in kC if 
m a =/= 0. That a has to be a weight, because RR t (Ajv, Ljv)(i) is a function on T. 

Part 2 follows the affirmative solution (the Abelian case) to a conjecture by 
Guillemin-Sternberg. 

The last part uses part 1 together with the Weyl character formula: 

rr g Cv T \ - ST ,„ kr t (Xn,l n ) 

( Y ' L Y) ~ 2^ W TT (l- P -a\ 



(10J) -1^.(1-^, 



m a Xa- QED 



P/. o/ Cor. 1.1: Let RR(Y") = X) a eP + m aXa, then from the discussion of the T 
and G-spaces, we know that 



RR(Xjv)(t) = y m a t a 



aeP + 



Thus only those {a} inside kC will occur, since c/)(Xn) C fcC. So one can write 
RR(y) as J2aeP k m aXa- Multiplying D 2 \a on both sides and sum over 

to get 

(-1)' 



(10.8) 



QED 



£(RR(Y)-£> 2 - Xs )(t) 

T 

J2x-a(r)-D 2 (r)( J2 FG F (r)+n(r) 



M* 
Jk+hFJM 

(-1)' 

M» 

(fe+/i v )A/ I r " {F\^{F)£kW (C iat )} 



10.7. Application to the holomorphic case. Assume A is holomorphic, and it 
satisfies the conditions that /x is both transversal and proper. 

The result in this subsection does not rely on the main theorem of [CI]. First we 
write down the character formula/fixed point formula of the module Vg(Xn . Ln) 
in terms of the fixed points on X. 

Theorem 10.1. Assume H°(Xn,Ln) = RR(An, Ln), which holds if the higher 
cohomology groups vanish. 

1) . H°(X N ,L N ) ~ j: aepk m a C a where C a is the T -module on which T acts 
with weight a. 

2) . Let xo(e lt ),i £ t be the character of the G-module Vg(Ajv, Ln), then 
(10.9) X g(t) = C£fC f +11)(t), reie^'wlAeP*} 

F 

Furthermore, the multiplicity is given by of an irreducible component with the high- 
est weight a is given by the same expression as m a in Eq. ( 10.^ ). 
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Pf: 



(10.10) 



XT (X N ,L N ){t) :=tr(t\H°(X N ,L N )) 

= ^(-l) i tr(i| J ff i (X w ,I, J v)) 

i 

— RR(X N , L N ) 

= m at a - 



The first part follows. 

Using the earlier result relating xt(Xn, Lm) and xg, we have 



Xt(Xn,Ln) 



(10.11) RR(X N ,L N ) 

\ w — 



^ ^n ae A + d-e-«) 



BR(Y), 



where the last equality follows from Prop. 10.1. From there, the assertion is shown 



to be true by the main theorem and Cor. 1.1. QED 

10.8. The character function of the^LG-modules. Now we can derive a charac- 
ter formula for the representations of LG on iJ (X, L), assuming the main theorem 
of [CI]. 

The derivation here requires certain formal manipulations. The formal aspect 
to the approach here can be traced back to the derivation of Weyl-Kac character 
formula. 

Let xjx}(X,L)(t) be the trace of t acting on the part of H°(X,L) generated by 
the highest weigh modules of level k. The qualifier here about the trace is included 
because we do not know at this point whether H°(X, L) is generated by the highest 
weight modules. If H°(X, L) is a representation of finite energy, then automatically 
it has the desired quality, see [PS]. 

Theorem 10.2. Define the regular and reduced Weyl-Kac denominators as follows 
D WK = JJ(i- e -S), D™ K = TJ (1-e- 5 ) 

5>0 q>0,q^A+ 

where a in the first function runs through all the positive roots of Iq, while the 
second does not contain the positive roots g, A + . Under the same assumptions as 



in Thm 10.1, the character x~£q(X, L)(t) is given by 
XrG {X,L)(t) 

(10.12) = V f Td(F)Ch(L| F ,t) v TZ(t)_ 

^ J F dct(I -t-ie-^L^cipx) L> W DWK- 
Fe? * K ;inor { *' x > w&w^/w 

where nor c (F, X) is the complex normal bundle of F in X. 

Remark: It is known that Weyl-Kac formula has a formal flavor to it. The 
infinite sum and product in the denominator above reflects that. 
Pf: It is clear that D WK = D ■ D^ K with D as in Section 1.1. 
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Given a e P+, there is a unique highest weight LG- module at level k, V a . The 
character tr(i|V4) is provided by the Weyl-Kac formula as 

Xa{t)= 22 '"PkW- 

wew atf 

The resemblance to the characters of the G-modules is obvious. 

From the representation theory of g a ff , we learn that each T-module with weights 
in induces such a LG-module, and these are all the irreducible highest weight 

module of LG at level k. 

Now the part of H°(X,L) generated by the highest weigh modules of level k is 
simply 



from our identification of all the highest weight vectors in H°(X,L). Thus we 
conclude for t G { e 2 ™ /_ w|A e P*}: 



^ RR(Y) , , 

(10.13) = 1^ w d wk W 

W pWK (*)■ 

Next we treat the first term. Since each connected component of fixed point sets 
in Xi can be written as wF for some w G W a s, and F e T 1 , it suffices to show 

E F e^ FC F f Td(wF)Ch{L\ wF ,t) 



(io.i4) « y = 1 



f det(7-i *e Q )| nor c (FiX) 



The map to : X — > X preserves the complex structure, naturally w induces isomor- 
phism between TF, TwF. Also the symplectic form which is defines C\{L\ w f) 1 c\(L\f) 
up to a constant, and is invariant under LG. Hence the two Chern classes are equal 
under pull-back. The equivariant Chern classes are related by 

wCh(L\ F ,t) = e ^(wt)+ Cl (L\ F ) = w ^ e 2^( w t)+ Cl (L\ wF ) 

where pulls back forms. And Td(TF) = w*Td(TwF). The only tricky part is 
the identification of the classes associated with the normal bundles. 
Let D be in the denominator of FCf, i.e., 

D(t) = dct(l - t^e - ") 

which can be written in terms of Chern roots {xi}, the weights {6^} and the roots 
of g as 

1 1- 1 < "< ' ■ LI (l-O. 

i aeA + 

the index here is finite, since nor(F, At) is of finite dimension. 
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The manipulation of wD WK is similar to the compact case, and we obtain 
det(l - (-'rXD™) 

= wl[(l-t- e *e-**) J] (l-t"«) 

(10.15) 1 aGA+(Saff) 

= J[{l-t- w6i e- Xi ) J] (l-t- wa ) 

i aeA+( flaff ) 

= det(l - t _1 e~ a )| nor ( Fi x), 

where we have used the fact that nor^F, X) ~ T x [i~ 1 (t)(BlQ/t. We observe that 1). 
w*(xf) = Xi where x* is the Chern root of the corresponding line bundle at wF. 2). 
Each (lg) a in (Zfl/t) induces a trivial bundle over F by group action, hence it has no 
curvature. 3). The weights on wF on uot(wF 7 X) is given by w{9i) U wA + (g a ff)- 
After observing the above, immediately we obtain 

R.H. = det(l -t _1 e- n )|nor(u;F,X). 

Thus we complete the proof. QED 
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11. The proof of the main cancellation 

Proposition 11.1. Let Fh denote a connected component of fixed point sets (here 
h may be I). Suppose p, = /i(-FX) G k(dC, 1) and is preserved by W^ ff . Let w be 
a lifting in of [w] G W M /W(/C/,), wF h — F wh (or denoted by F^ ) is another 

component of fixed point sets with the same value under p. 

1). If fi(F h ) = k(4>, 1) with (f> G dC, but 4> i C aff = {6 = I}, then 

ST „, ^M^/W(IC h ) FC wF h _ 

U rwa-e-) () 

2). If<j> e dCD {6 = 1} and vFC wFh has no pole on {e^'wjA G P£}, then 
y E [w] ew,/w(>c h )^ wFh M* 
t w U a eA + (l-e-^) k + hv 

Pi- 

Step 1: Lifting action by T to a covering group T p x T' z . 

A key ingredient in Atiyah-Bott-Segal-Singer's fixed point formula is the contri- 
bution from the normal bundles which appear in the denominators of an integral 
on the fixed point set. Ignoring for a moment the complications from orbifolds, the 
fixed point formula requires evaluating: 

Td(TP)Ch(L| F ,.g) 



(11.1) ¥C F (g)=J^ 



l F det(l -g- l e~ n ) ' 

where f2 is i/2n times the curvature operator of the complex normal bundle. 

In what follows, we will evaluate the integral above for wF, wFh and for g — t,vt 
where w, v are elements in Weyl subgroups specified later. Furthermore, we need to 
include the consideration that {F} are orbifolds, if F is of type 2, 3, i.e., 4>{F) G dC. 

Suppose v,w G Wp, then the decomposition of t = (t wp ,t™) G t wp © t z has the 
following property as shown in Section 4: 

(vt) wp = wt p , (vt)™ = vt z + (vt p - t p ) G l z . 

Use t z to denote vt z + (vt p — t p ), there should be no confusion. And denote by 
e 2wit'^ e 2wis' g y/ ccrtain lifting f e ^it z g T ^ & 2^s E T z nT p respectively. 

1) . If n is on the affine wall, the lifting of ve 2nlt G T to T wp x T z are given by 
(11.2) 

^( Wtp +ws)^ e 2ni(t' z -s'+j: g ^ x y/ with e 2*i( W s) g w/ = jO^ 

where 0<&i<a^,0<6<n with n, e the same as in Corollary8.1. 

2) . If /x is not on the affine wall, then the lifting are given by 

(11.3) ( e ^(™t p +ws)^ e 2ni(t' z -s>+T,b ia :)j eTp xT z with e 2m{ws) G wl$ = ll p . 

Lemma 11.1. Let g be a lifting as above, and v G W° which is the subgroup ofW 
isomorphic to W^ s . For < <j>,6 >— 1, 

4> _ 2TTi<<p,vt+be> _ 2TTi<v<p,t+be> . 
g c c , 

for<4>,6>^ 1, 

g<f> — e 2TTi<cf>,vt> 
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Pf: First of all, is a weight on T pi since p is fixed by T p , and <f> is the character 
of L at p. Now use Lemma S.2, Part 2 of Corollary ^l] and the fact that <j> is a 
weight on 5 in the notation there, we have the assertion. QED 

Step 2: Defining the denominators. 

Let g denote a lifting just described. Recall Fh is a strata associated with F and 
is fixed by T and h in the isotropy group of F. From now, we use Fh instead of F 
and treat F as the special case h = I. We have treated F and separately so far, 
this leads to repetitions on occasions. We will point out whenever the difference 
requires additional attention. 

The following are various factors which will appear in the denominator as in 
Eq.(ll.l) along wFh — F™ . The expressions are obtained using the weights and 
curvatures computations done in Sections 3-5. 

Remark: The signs in front of the weights below are determined by the following 
consideration: 

a) . Xn is the reduced space of the product X x X, for the map /ix — Mx- The 
weakly symplectic form is uj — Thus one chooses the original J on X, and — J on 
TX to make the form semi-positive definite. Hence a negative sign for the weights 
{/3}, {A} on the the normal subbundle {Jfl^/t© H z } from TX 

b) . The expression in the denominator involves g~ 1 e~ n , therefore another neg- 
ative sign. 

c) . The difference in the signs for the term dAh in various determinants below 
was referred to in the Remark after Prop. 5.2. 

Now we can write down the expressions for the denominators: 
f ). If fi is on the affine wall, let b = (b, bi, with I M = the number of 

simple roots of q which vanish at fi/k. 

(11.4) 

D™(vt) = det(l - g-'e-^^^z^ = - e-^fe+'+V^V)^ 
B w (vt,b) =dct(l- g- 1 e- n )\ Hz 

_ _ e -2niw[i(t' I -s' +be. w +Y, ( biaj - l/4ir 2 dA h ) ^ 

n,-, 2iriw Ai ~v i - (t',-s'+be v +Y' . bid? -l/A-K 2 dA h ) , 
(1-e -i ), 

D W (vt,b) = (1 — e - 27ritu M(tz-s+fce v -l/47r 2 dA h )^ 

x TT(1 — g 2 7r™(A i -aip)(t 2 -s+bc v -l/4ff 2 (i J 4 h )^ 

Dl»(vt) = det(l - ^-'e-")!^),/^, = II (! " e^^+'+V^H), 

/3eA+\A+(K roh ) 

D»(«*) - J| (1 -e- 2wm(t,t) ). 



2). If jU is off the affine wall, let b = (pi, &i ), the one difference is: 
D lu (wi,6) =det(l -ff -1 e -n )|H, 



(H.5) =IJ(1 



D"'(ut) = — e 2 7r™(A i -ay/j)(t z -s+6e v -l/47r 2 dA )l ^ 
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Obviously in the above definition, when h = I, nor(wZ,wZh) is trivial since 
Z = Z h . 

Step 3: Expressing FC F ™ (vt) . 

Continue to let g e T p x T' z where the first component of g passes w(hT2) in 
w(T p ), as a lifting of vt £ T. This form of lifting appeared in Eq. ( 11.2 ), ( |ll.5| ). In 



the notations just introduced, we have along the normal bundle of 
(11.6) det(l - g- l e- a ) = D% (g)Df (gfi™ (g) 

by definitions of the factors on the right and the structure of the normal bundle. 

The line bundles L\ Fh ,L\ F ™ (orbifold bundles actually) are related through the 
map w:F h ^> wF h = F wh = F™ as 

<w*(L\ F w) = L\ Fh , w(4>) = <p. 

This relation holds for the pair Z w h, Zh obviously, and it holds on the quotient T z 
because w £ normalizes T z . In terms of Fh, following Lemma 11.1, one obtains 
1). when /i is on the affine wall and w G W^, 

n W(\> p u p u g2-iri<kv(fi,t-\-be v > ^uj 



(11.7) Ch{L\ F ~ t g) = g u "><t*=g*e 

where uj is the symplectic form on Xm restricted to Fh- 
2). when /i is off the affine wall, 

(11.8) Ch(L\ F u,,g) = g w<t, e u = g e" = e 2,ti<kv *' t> ^' . 

Depending on whether \x is on or off the affine wall, one obtains now an expression 
of FCf™ in terms of an integral on Fh as follows: 

1 ^ f Td(Ti 7 '? l )e 27ri<fcl "^' t+bcV> e" 
FCF ^ {vt) = \I»\\TUT Z \ \ J Fh D -( ff )D^)I>(<?) ; 



(11.9) 



^1 



FC F ^(vt)= ——— Yl 



Td(TF h ) 



\I° P \\T'/T z \^J Fh V%(g)V™(g)V™(g) 

In the above the summation is over all the possible lifting of vt in w(hT®) x T' z 
which is the isotropy group of the strata F w h- 
Step 4: Summation over T z /T z . 

For an upcoming calculation, it is crucial to replace the fractional weights 

(A* -a]fx)/aj, cti e A° 
by the integral weights on T z , 

Ai-ajfj,, a>i e A°. 

This amounts to replacing D w by D w and is an important step. The basic obser- 
vation is for on the wall, 

\T'jT z \ = n [] <; 

for /i off the wall, 

\t'jt*\= n <; 

a.GA" 
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and more importantly: 

The last equation is based on two observations: 

1) . Using geometric series expansion, and the fact that ^2 b . e 2 "<".Ei' , ' tt .> [ s 
either or Jla eA° a i> f° r au tne possible weight a, depending on a is a weight on 
T' z but not on T z , or a is a weight on T z . 

2) . Another observation used in the above is 

(11.11) 

e -27ri<to^,^-s'+be v +^ i biaj -l/4n 2 dA h > _ e -2m<wn,t z -s+be v - l/4ir 2 dA h > 
2iri<w(Ai-aJ [t),t' z -s' +b(. v +Y< ( biaj -1/ 4tt 2 dA h > _ 2iri<w(tVi -aj n) ,t z -s+6e v -l/4ir 2 dA h > 

due to (f>(aj) = 0; Ai(e v ), Aj(a£) e Z; also — /i, Aj — aj'/i are fundamental weights of 
T z , their values at e 27ri (**~ s ') g are the same at the projections e 2m{t '~^ 6 T z . 
Thus one has: 



(11.12) 



H9 V ) = 1 
FC F »(^) 

0(0*) ^ i 



io*Td(TF„, h )e 2, " <fc, '*' t+e >e 

.//r fc D-(«t)D-(^)D-(«t,6) 

Td(TF h )e 2,ri<fe '"*' t> e u ' 



j ^ifk D^(^)D-(^)D-( V t) ' 

^iep 5: An identity of Todd classes. Given w e W^, there is the map 
w : F h = Z h /T z -> wZ h /T z = Z wh /T z . 

Lemma 11.2. 

w*(Td(T H F wh )) = Td(T H F h ), 
r'eA+()C wh ) 

Remark: The sign convention reflects again the the complex structure chosen on 
Ig/t. 

Pf: If 7r : Fh — ► E h as in Section 3, then Td(T H F wh ) = n*Td(E). The same 
holds for F w h, E w h- It is easy to see that w : Zh — > ^u>/i is an cquivariant isomor- 
phism with respect to the action by Kh, Ad w fCh — IC w h on Zh,Z w h respectively. 
Therefore, Td(^) = w*Td(E wh ) whose pull-back to F h ,F wh yield the first equa- 
tion. 

On T" 'Z w h, after decomposing it into a sum of line bundles according to the 
roots {t'}, the curvature is given by 

-® < t', dA wh >= -0 < wt', dA h > . 

The second identity follows that. QED 

Step 6: A sufficient condition for the validity of the cancellation. 
First of all, recall 

w*Td{TF wh ) = Td{T H F h )w*Td{T"F wh ) 
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where Td(T H F h ) = n*Td(E h ), with 

7T : F h = Z h /T z -► E h = Z h /K' h . 

Also it was shown in Prop. 4.4 D$(vt) — Do(t). We also know both forms below 

w*Td(T H F wh ) = Td{T H F h ), e w 

are the pull-back of forms on Eh, because they are null in the fiber direction of 
the map tt. Also clearly that D™(vt) is constant with respect to the integration 
variable. Therefore, in order to evaluate 

^ f w*Td(TF wh )e 27Ti<kvrt >' t+b ' LV> e UJ 

9 



(for < (f>,9 >= 1) or 



E 



Fh D%{vt)Df(vt)D™(vt,b) 

w*Td(TF wh )e 27ri<kv ^ t> e UJ 
D%(vt)D™(vt)D w (vt) 



(if < <j>,6 >^ 1), one can pull D%(vt),Td(T B F h ) and e w out, when integrating 
along 7r~ 1 ([p]); those factors except D™(vt) are independent of v G W®,w 6 W M . 
Thus to prove the proposition, which involving evaluating a sum over of the 
above integrals, it suffices to prove 

(11.14) 

Hn = 1 : 

w*Td" , (Ti^)e 27rlfc< ^ +s+heV ) M* 



weW„/W(.K h );vGW° T ^ u a V / f, V ; 

^ 1 : 

w * Td( - T „^^^ e 2„fc0(t p+s +f, £ -) 



E 

weW^/W{K h );veW° 



l(M) D»(vt)D2'(t;i)D t0 («t) 



= 0. 



In the above, a lifting of each w € W fJl /W(fCh) to is fixed and denoted by the 
same. 

Step 7: Turn the integrals along the fiber to a sum via equivariant cohomology. 

Recall from Section 3 dAh = Bh + Rh, where Bh is the horizontal part of the 
curvature, Rh is the vertical part tangent to 7r _1 ([p]). Recall also that 7r _1 ([p]) is 
a finite quotient of K! h jT z . Hence the integrals can be pulled to K! h /T z . 

We will continue to use the same notations for the pull-back to JC h /T z of various 
curvature forms on 7r _1 ([p]). In Eq.(11.14), the term D™(vt) is a constant on 
KJ h jT z . The integral of the rest were calculated using equivariant cohomology. As 
a straightforward application of Formula 4 in Prop. 9.1, the answers are 

W) = 1 : 
f w*Td(T"F wh )e 2 ' rik ^ t '' +s+b ' i ^ 
(11.15) JK'JT. D™(vt)D%(vt)D-»(vt,b) 

27rifc0(t p +s+be v ) ^ 

= D%(vt) ^ TL^A+rr Jl~ e 2 ™< w ^■'^/^ 2uB >)dV;d w, 
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where 
(11.16) 

_ TT(1 — e 2TTiw/3(t p + s+l/4:Tr 2 uB h )^ 


^ g~ 2iriw^{t z — s+be v + l/47T 2 uBh)^ J^J(1 ^27riw(Ai — a^fi)(t z — s+be v — l/4ir 2 uBh ^ 



in the above the {/?} are in A+ \ A + (K. w h). (In applying Prop. 9.1 above, we treat 
factors Df(vt)D w (vt,b) collectively as ]J e (l - e 2«<e,it+i/47r 3 ii h +i/47r 2 s h >). and use 
wt' instead of r there.) 

For the other case n(0 v ) ^ 1, the only difference is in the definition of d^', 

17) d W = JJ^ (1 — e ^i(wAi)(t z -s+be v -l/4TT 2 uB h -^ 

Step 8: The first lucky break. 

We will now simplify the expression just obtained to be in a position to apply 
the fundamental formula of Section 6. 

The first break comes when we group the factor involving the positive roots 
{t'} = A + (JC w h), with the one involving {/?} = A+ \A + (IC w h), we realize that the 
first factor can be made look just like the second one. To be more specific: 

J~J _ e i/2ir<WT' ,uB h >^ 
T'eA+(K wh ) 

11.18 

_ JT _ e 2-rri<WT ,t p +s+l/4ir 2 uB h >^ 

There are two reasons for the above equation: 1). e 27Tm ( t P+ s ) — e ^i{t P +s) g hT®, 
since u £ W(ICh) and Kh commutes with hT® by its definition; 2). e 2 ^ lWT (*p+ s ) = 1, 
the adjoint action by hT® on Lie/Cft, is / since the two commute by the definition of 
Lie/C/j, and wt' is a root of ICh- 

In this form, the product is clearly in the same species as d™. 

Step 9: The second break and the finale. The denominator needs to be written 
in a form so we can apply Prop. 6.1. The denominator acquires an extra factor after 
integration as shown in the previous two steps. So the total is 

V w u = B™(vt)Df(vt)D w (vt, b) Yl (1 - e ^i<^',t p +s+l/4,n 2 uB h >^ 

if <p(0 v ) — 1. For 4>(9 V ) 7^ 1, T>y is defined the same way except D w (vt, b) is replaced 
by D w (vt) as defined in Step 2 above. 

According to the previous step, D™(vi) which has (3 running over A+ \ A + (K. w h) 
can be written together with T\ T , eA + {Kwh) {l ~ e 27ri<WT ' ,t p +s+i/4ir 2 uB h >s ) ag 

(11 19) Y[ (l ^ e 27Ti<wfi ' tp+s+1 / A ^ uBh> ) 

/3eA+ 

which can be further written as 

(11 20) J^J (1 — g27ri<u)/3,tp+s+6e v + l/47r 2 u_B h >^ 

/3GA+ 

for (3 is a weight of T z , therefore is trivial on the T' z /T z in which e 2n ' lbe lies. 
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Now the full expression of T>™ is given by 

jyw _ J~J Q _ e 2Tri<wl3,t p +s+be v + l/iTV 2 uB h >^ J~J Q _ e ~2m<va,t> J 
£)PA+ qSA + 

(11.21) ^ 

x TT(1 — e 27Ti(<-uA : t>-<M)A,t p + s+fce v + l/4ir 2 nS h )-j 
A 

where A runs through the fundamental weights of (Zg) M . If 0(# v ) 7^ 1, just remove 
the term be v in the above. Also 

g27ri<w/3,£p + s+fce v > ^2iri<w{3,u(t p +s+ 6e v )> 

(11.22) 

v ' -27ri<M>A,t p +s+be v > _ — 27ri<u)A,ti(t p +s+&e v )> 

for u S W(AC/,), this property can be deduced from Lemma |S.l| and the fact that 
u Ut° = 1% f° r M £ W()Ch) commutes with hT® as /Q, does. 

As mentioned earlier, w is a lifting of Wp/W(JCh) in W/x, and u e W(/C^). The 
product tra on g runs through the whole Wp. Or uw on g* goes through W^. 
Denote the combined by w S W 7 ^. 

Let y = t p + s + be v + l/4n 2 B h . Finally, for v E W°,w E and m being 
the rank of LieJC/, we have the following after pulling out some of the exponential 
terms: 

(11.23) 



J^J(1 _ e 27ri(<nA,t>-<u)A,t/>)-j 



X 
A 

_ f^\m+(r(w)+cr(v) e 2ni(<wp ll —p fl ,—wJ^ A,y>+<p—vp+vJ^ A,t> 

x (1 _ e -2iri<p,y>^ J~J ^ _ e -27r»<a,t>j TT^j _ e -27ri(<«A,t>-<u;A,v>)^ 

/3GA+ a£A+ A 

in the exponent of the first term above, there is the cancellation 



The final calculation is 



E 



g2ni<vk<fr,t-}-bfi v > 



p 2wi< — Pn,y> 

(11.24) 



X 



n ae A + (l " e^^^IW+O 1 " e" 2 "<^>) 

^_^"jTn+<r(w)+a-(t)) g2-7ni(<wfc0,i+6e v > — <p— vp+vp^ ,t>) 



E 



[T h_ e -27ri(<jjA,t>-<wA,j/>") 



after observing e 2™<vkci>,be v > _ e 2m<fc0,&e v > j hence it can be taken outside the 
summation. It now suffices to show the vanishing of 

^_2^ni+CT(iL>)+£r(u) e 27ri(<i)fc0+p— Vp+Vpp ,t>) 



(11.25) E 



FJ (1 — e -2?ri(<i!A,t>-<M!A,£/>)) 
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The numerator, when <j){0 v ) — 1 and on the lattice fc ^f fev as shown in Prop. 7.2 
agrees with 

which is independent of v, w and can be pulled outside the summation. When 
<j)(0 v ) ^ 1, the numerator equals 

2n-i<fc0+p M ,t> 

everywhere. The lattice is invariant under W. Therefore, over this lattice, the 
vanishing of the above sum is implied by 

(— iy(w)+a(v) 

2^ n fi - e- 2 * i(<vX ' t> - <wX <y > *)) ~ ^' 



whose validity is shown by Prop. |6.1| . Thus we have completed the proof of Part 
1, 2 of Prop. ITlT 



(ill 
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Figure 12.1. The extra cuts on f(M G ) 

12. Twins and a new surgery formula 

12.1. A consequences from the proof: Twin pairs of compact G-manifolds. 

Here we give an easy application for finite dimensional symplectic G-manifolds, or 
more generally symplectic G-orbifolds. 

Let M be a symplectic manifold (or orbifold) with a Hamiltonian G-action, / be 
the moment map. Suppose that M is compact and / _1 (t) is smooth, i.e. the image 
of / is transversal to t, then we can construct a T-orbifold Mjv, just as we have 
done for the LG-space X. Specifically, Mjv is constructed as follows: Let k G Z + 
so that f(M) fl t+ C kC. Let X g be the same toric variety as in Section 2, with $ 
as its moment map. Then 

M N = {(p,q) e f-\t + ) x X g \f(p) = k$(q)}/T. 

Another way to see it is to start with / (t+) which is a manifold with non-smooth 
boundary / _1 (9t+). Each face Q on dt+ has a semi-simple stabilizer Gq C G under 
the adjoint action. The normal subspace to Q is the Lie algebra of a maximal torus 
of Gq , Tq . Then 

M N = U Q f- 1 (Q int )/T Q . 

The construction looks similar to symplectic cuts, but the two have quite different 
properties when one consider surgery formulas for equivariant Riemann-Roch. 

The map 4>{u) — f(p) with u — [p, q], is well defined, since / is invariant under 
T . The variety Mn enjoys the same property as Xn in Section 2.3. The T-fixed 
points on Mjy comes from either fixed points on M, or as a result of surgery along 

(w,cp- 1 (dt + )), weW. 

The latter were studied in Section 3. 

Similar to Xjv, Mn has degeneracy as a symplectic orbifold and has a T-invariant 
almost complex structure. 

The space 

Mq = G x T M N 

is a new G-space. In general, Mq is different from M, when f(M) n t intersects 
the boundary of the Weyl chambers. Though the restriction of the image of the 
moment maps of the two spaces coincide. 



The figure 12.1 illustrates the cuts and the intersections of the images of the two 
spaces with t. 

As already mentioned, the new fixed points all have their images on the boundary 
of the Weyl chambers. As shown in the proof in the last section, the sum of 
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contributions of fixed points with the same image vanishes. Therefore, we have the 
following interesting consequence for the pair: 

Corollary 12.1. The two G-spaces M and Mq have the same G-equivariant Riemann- 
Roch numbers. 

1 2.2. Another consequence: A new surgery formula. Let M be a symplectic 
G-orbifold satisfying the transversality condition, i.e. f{M) is transversal to t C g, 
and V be a smooth symplectic subvariety of M. Suppose the T-action preserves 
V, with V C / _1 (t). 

Definition 12.1. 1). (U,Gu) is an orbifold chart of U if Gu is an finite group 
acting with no non-trivial kernel on U so that 

it :U = U/Gu, n(p) = Gu(p)eU. 

2). Jy C T is the isotropy group of V if for an open set U with U C\ 0, and 
Iv C Gu is the stabilizer o/7r _1 (V fl U). For r 6 T which fixes V , let ry denotes 
all the local liftings of t. 

From [C], we know that up to isomorphism, the group ly is independent of the 
chart, and the open set U. So it is well defined over V. 

Remark: The local liftings may not be extended over the entire V, since there 
could be global monodromy. On the other hand, the following characteristic class 
over V can be defined, as an average over rly. 

1 f Td(V)Ch(L y ) 

W\ t ~i Jv det nor( v,M)(l -i _1 e- n ) 

where fl is the i/27r-curvature operator of the normal bundle of V in M. We want 
to find another expression for it. 

The expression is in terms of the subvarieties in Mq and its lower strata. 

For each face Q in {u;t + |w € W}, Q can be written as wQ' with Q' as a face of 
t+. Thus each Q has a stabilizer in W, denoted by Wq. Let 

, . Mq = {(P,q) e f-\Q) x X 3 \f(p) - kw$(q)}/T; 

V Q = {( P ,q)eVxX 3 \f(p)eQ, f(p) = kw*(q)}/T. 

Both Mq and Vq are orbifolds, as a consequence of the transversality of f(M) to 
t, and both have T-invariant almost complex structures. Therefore one can define 
Todd class and makes sense of the equivariant normal bundles of Vq in Mq. 

The readers are warned that there is no natural almost complex structure on the 
normal bundle of V in M\_. 

Lemma 12.1. 1). Let Mq = Gx Mq. Then Mq,Mq and Vq are subvarieties in 
M G = Gx T M N . 

2). If F is a subvariety ofVQ, then the isotropy groups, I(F,Vq), I(F, Mq) of 
F inVQ, Mq respectively satisfies the following exact short sequence: 

1 - I(Vq, Mq) -> I(F, Mq) -> I(F, Vq) -> 1 

where the second term is the isotropy group of Vq in Mq . In particular: 
\I(F,M g )\ = \I(V q ,Mq)\.\I(F,V q )\. 



1.2 
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Pf: Part 1 is obvious. To see Part 2), let (U, Gjj) be an orbifold chart meeting F. 
If g G I(F, Mq), is / on -k~ 1 (Mq Df/), it remains so on the smaller set tt~ 1 (VqC)U). 
Hence g € I(F, Mq). The next map in the sequence is defined by restriction. If the 
restriction of g is trivial, it is / on Vq hence g £ I(Vq,Mg)- 

The relation for the size of the group now is an immediate consequence. QED. 

Suppose that Q is a sub-face of Qi, then the above construction shows that Vq 
is a subvariety of Vq 1 . Obviously 

Vq — Vqi n Mq. 

Let {A} be all the top dimensional faces, i.e. they are {wt+}, if Q C A, the 
normal bundle of Vq in Va admits a T-action since T acts on both. 

The following is a new surgery formula and will be used in the next section to 
find the remainder term 1Z(t) in the fixed point formula: 

Proposition 12.1. Suppose t e T fixes V. Let A max nor(VQ, Va) be the determi- 
nant line bundle of nor (Vq,V a), then 

1 ^ f Td(V)Ch(Ly)(t) 



(12.2) 



\Iv\ s ^ Jv det nor( y iM )(l 
= £ £ \Wn\\I Vn \ £ 



Td(y Q )Ch(Ly Q © A max nor(V Q , V A )(t)) 



where Wq,Ivq>Iv are stabilizer of Q inW and isotropy groups oJVq,V in Mq,M 
respectively. 

Pf: We prove the statement by first representing both sides in terms of the T- 
fixed points of V, Vq. Since T acts on V and its normal bundle, we can apply the 
localization of equivariant cohomology classes on V to get 

1 f Td(V)Ch(L y ) 

\Iv\ Jv det nor( ^ M) (l - t- 1 e- n ) 

( 12 ' 3 ) ^ 1 f Td(F)Ch(L F ) 



\Iv \\I(F,V)\ teT f^ MG) J F det noi(F<v)(Bnor{VtM) (l-t 1 e n )\ F 

where the denominator can be combined as det nor ( F jy,f)(l ~ t~ 1 e~ n ) obviously. 
As for the right hand side, for the same reason as above one can express it as 

, 1 f Td(F)Ch(L F ©A max nor(VQ,VA)|F) 



A Q^A FCVq m terl^Ma) ^ det nor(f,Af§) (1 " 

where m = \W q \\I Vq \\I(F,V q )\. 

There are two kinds of fixed point sets on {Vq}: those already on V, and those as 
a result of the cuts along the boundary of Weyl chambers. The first kind have their 
isotropy groups come with the property that I(F, M G ) = I(F, M) since the cut 
does not pass through F. The second kind have images under <j> on the boundary 
of wC for some w. 

Also we may apply Lemma 12.1 2) to the orders of the isotropy groups, so that 
\I Vq \\I(F, Vq)\ = \I(F, M G )\ independent of Vq, if <f){F) is on the boundary of the 
Weyl chambers. 

Next we describe the weights on the various bundles. Without loss of generality, 
assume Q is a face of t+. Let be the stabilizer of <j>(F) G Q C g. We claim 
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that the total contribution of all the terms involving F vanishes, if <j>(F) is on the 
boundary of the Weyl chambers. 

Section 3 analyzed the formation of fixed point sets, here we continue to use the 
notations. 

Let g^ s be the semi-simple part of fl^, = q s ^ Pi t is a Cartan subalgebra of tff. 
Let be the set of fundamental weights of g^ 5 , and 

(12.4) A Q = {AeA |AeQ}, A^=A \A Q . 

Here is identical to t z in Section 3 and Section 4, which is true since both 
subalgbras are the orthogonal complement of the smallest face containing 4>(F). 
As shown in Prop. 4.3, A^ induces the following weights along F , 

s x = 

for each lifting of s to (s p , s^) G T p x T^. Or in terms of Lie algebra notation: 

exp 2ni < A, t >= exp 2ni < A, t§ >= exp lixi < A, t — t p > . 

The set {A|A S Aq} are all the weights on nor(VQ, Va)|f- 

We remark that for each fixed point set F with image on the boundary of t+, 
there is a submanifold Z C M with Z/T^ where = T n G^ 5 , just as in Section 
3. The action by T z is locally free, hence there is an associated connection A on it. 
Thus the equivariant Chern class of A max nor(VQ, Va)|_f is given by 



exp 2^ -27T« < X,t - 1/47T dA >= exp 2^ -2iri < X,t - t p - l/4n dA > 



AEAi AeA^ 



where exp27ri(£ — i p ) = s. 

If A = wt+ , then the above is replaced by 



exp — 27ri < A, wt — wt p — l/47r 2 u;eL4 > 



AeA 



Q 



Let {7}, {/?}, {a} be the same as in Prop. 4.3, where Xn is replaced by Mjv, then 
the weights to F C Vq in Mq are given by the same expressions as in Prop. 4.4, 

except only those A with A e Aq contribute, because those in Ag are normal to 
Mq or to Mq 5 . 

As for the det nor ( FM G)(l — s _1 e ), similar to the expressions given in the last 
section, we can express it in terms of the weights {7}, Aq, {/?}, {a}: 

J] D%(W8)DZ(W8)D1°(W8) 
AgAq 



where D$, D a , Db are the same as in Eq. (11.4) of the last section. 

There might be a non-Abelian /C 2 commuting with X^, hence it acts on Z. As 
was shown in Step 7 and Step 8 in the last section, the presence of a non-Abelian 
K, after integrating the integrand along IC/T^ leaves little trace behind, except 
replacing the two form l/Ai^dA by l/4ir 2 B which is a two form on Z/K. Therefore 
we deal directly with the final expression of the denominator. 
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So the fixed points contribution of F C Mq is given by 
(12.5) 

^ I Wo I ^ \I(F,M G )\ ^ /,, dH . (] - .s-J,-*- 2 ) 

A.QcA yl _FCQ 1 V ' W serl(F.MG) nov(F,M Q )\ ) 



Td(F)Ch(£ F A max nor(y Q ,y A )| F ) 



1 ^ f Td(F)Ch(L F 



^ ^ |WqI|I(.F,.Mg)| ^ /,, ,/ 
«igW,QCi«i + Fcg y " V ' UJ ' t£rI(F,M G ) J * 

y, . ^ A j 2iri<\.wt—wy> ^ — r n . , 

d= e ^fl ^ (1 -e 2m<A ' u,t ~ toa> )L>™(u;s) J D^(u;s) J D^( U ;s), 

AeA Q 

where y = t p + 1/4tt 2 B. 

Recall that Dq(ws) = Do(s) as shown in Prop. 4.4, and use the expressions from 
Step 2 in the last section to obtain: 

Df(ws) — (-l) cr ( lu ) e 2lri ^«" 3 <o 27ri<i«/3,a> J-J ^ _ e 27ri</3,y>-j 

/3£A + ( B *) 

= (-l) cr ( w ')e 2 ™ <w P<>-P*>y > D b (s); 

(12.6) 

^W^t-l^e-^-^ 2 ^™^ JJ (1 

/3GA+( ^) 

= (— l) <T ^^e 2Tri<p *~ u,p * , * > Z) a (s). 
This is the same procedure as in Eq. ( [11.23D . From Lie theory, we have 



-2m<a,t>\ 



wX + wX — 



AGAq AeA^ 



Now the denominator can be written as 
(12.7) 

d=e AeA « [| (l-e 2 " <A ' u ' t -^ > ) J Do(T) J Dr(^)^a(^) 

AeA Q 

= (-l) <T ^) +CT ( tu ) J D (T)D h (T)D a (r)e 27r ' i<p ' t - ! ' > [] ( e -2«<A^.t-^> _ 

AeA Q 

The number of terms with a fixed Q, and varying A is exactly \Wq\ which is the 
same number of A containing Q. Gather them together and get rid of the term 
1/| Wq I . Now the summation over all the Q C A = wl+ containing 4>(F) to yield 
the following: 

(12.8) 

1 f Td(F)Ch(L F ©A max nor(y Q ,y A )| F ) 



^ \W Q \ J f det nor(FjM G(l - s-i e - n ) 

= f Td(F)Ch(L F ) 1 

^J F D (T)D b (r)D a (r)e^<P^-v>) % H XeAtj (e-™<*»*-v> - 1) 

= / Td(F)Ch(L F ) \^ (-l) #Ag 

^i F ^ (r)-D h (r)^ a (r) e 2 «<^^«> ^ ]JxeA Q C 1 " e- 2 ™<^*-^>) ' 
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Summing over various A in the above notations is the same as going over w £ W 7 ^, 
thus the total contributions of F is since 



E E 



(_1)#A Q 



= 



by Eq. flejj. 

Thus only those {F} on Vq with (f>(F) not on the boundary contributes. They 
are exactly the T-fixed point components on V . Therefore, the right hand side is 
the same as the left one. QED 
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13. Expression for the remainder term 1Z 
If for each fixed point set component F of Y, FCf has no pole on 

then the cancellation of Section 11 shows all the T-fixed points on the boundary 
cancels on the subset. However, such poles may occur, thus the fixed points coming 
from compactification do not cancel readily. The question is how they contribute. 
Here we will find an explicit expression for the remainder term TZ. 

First let's outline the steps in calculating the remainder term TZ as function on 
{ e 27rw k+h* |_\ £ P£}. Instead of using the fixed points, we will construct varieties 
which contain the fixed points on the compactifying locus. Those varieties are 
obtained using cuts which are transversal to dwC. Instead of transporting the 
fixed points by translating elements in W , which fails to work if the singular 
poles occur, we will move the varieties. The varieties have equivariant Riemann- 
Roch which are well defined functions on T. 

After transporting the varieties using the appropriate elements in W a s , one can 
cancel the contributions of fixed points lying on the compactifying locus, or on the 
boundary of certain Weyl chambers, just as was done in the last section. Then we 



will apply Prop. 12.1 and transport only {Vq} back to get a explicit formula of 1Z. 



13.1. Partition of the affine alcove. The union U™ew aff w ^ f° rms a tiling of t. 
Let x be in the interior of C, then W aS (x) is the vertices of a dual W^-invariant 
decomposition of t. 

Each vertex a of C is now the center of a convex polytope with W aff (x) as 
vertices. 

Let I be the rank of G, a little experiment shows that under the W translations 
there are I + 1 of different polytopes in the dual to Ui«Giv atf Each one can be 
moved so that it contains exactly one of the vertices of C as an interior point. 

Denote those I + 1 polytopes by {R a }. Let (LG) a be the subgroup of LG pre- 
serving 

(a, 1) e t x {k} = t x R c fg, 

under the co-adjoint action of the central extension. By construction R a is invariant 
under W aS which is a subgroup of W aff and is the Weyl group of (LG) a . The 
invariance comes from the fact that the edges of R a are spanned by affine roots, 
hence invariant under the reflection by the corresponding root. 

Let U a = fi~ 1 ((LG) a (R a )), then U a is a symplectic (LG) a -manifold of finite 
dimension, since \i is proper and (LG) a (R a ) is compact in Ig. The proof that it is 
symplectic is identical to the finite dimensional situation. 

For H C T, the 77-fixed points on Xm have images under <j> as linear subsets 
in kC, denote them by {Pd}, < d < I — 1 is the dimension of the connected 
component. And each Pd is a relatively open set in kC . The following is easy to 
verify: 

Lemma 13.1. There is a point i£C, rational w.r.t. the weight lattice and in the 
interior or of C , such that the corresponding decomposition of t as described above 
is transversal to all the linear subsets {Pd/k}. 
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Figure 13.1. Partition of t, wC 

13.2. Varieties corresponding to the partition. . 

For each R a , W^ s (R a fl C) = R a . So R a n C acts as the fundamental domain of 
Wf on R a . 

Let the faces of R a be denoted by {□}, then each □ is preserved by a subgroup in 
W^ s , Wu- Because each face of R a is spanned by roots, and the reflections defined 
by those roots preserve □. Anther way to see Wu is as follows: If Q is the smallest 
face of wC which meets □, then the intersection has to be a point, otherwise even 
a smaller face can be found to meet □. Let p — DCiQ, then □ is perpendicular to 
Q, since it is defined by the roots vanishing on Q. Therefore the group Wq C W aS 
which fixes Q, preserves □. 

Definition 13.1. Let {LG)n denote the group which fixes the smallest face Q in- 
tersecting □ . Wu C W aS be the subgroup preserving □ . 

Next we shall use {□} to define symplectic cuts on both X, Y = G Xt X^. 

For each face □, the intersection □ DC is a convex polytopc. The map (j> : Xn — > 
kC defines for each □, (f>~ 1 (k(C fl □)). For simplicity of notations, let k = 1. 

For each sub-face B of □ in the interior of C, let t# be the subalgebra of t 
perpendicular to the linear set defined by the face B, Tb be the group generated 
by t B . 

Definition 13.2. Let X^.u be the cut space associated with _1 (C n □), i.e., 

X N , n =U s 0- 1 (5)/~. 

That .Xjv,n is an T-orbifold with an invariant almost complex structure follows 
from the same argument for Xn itself. Although X^,n has degenerate symplectic 
form, just as Xn does. The orbifold line bundle Ln also induces one on -Xjv.d, 
denoted by Ljv,d which can be defined using quotients by Tb on Lat|0 _1 (C fl □). 

The proof of the following can be found in [M] : 

Lemma 13.2. The T-equivariant Riemann-Roch satisfies the following 
RRt(Xn,Ln)= ^ (— l) codlmn RR/r(Ajv !n , Ljv.n). 
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Figure 13.2. The ranges of the images of X Nt u 



Therefore the corresponding G-spaces Y,Y a = G Xx^Gv,n and the line bundles 
Ly, L a satisfy 

(i3.i) RR G (y,L)= J2 (-i) codimD RRG(^,in). 



12.1 



Remark: Readers should compare this surgery formula with that in Prop. 

There is a map <f> : Yg,d which serves as moment map, for the degenerate sym- 
plectic form, just as we have shown for Y — G Xj- Xm- 

The image 4>{Yc.u) n t is contained in W(k(D n C)), since the image of -X"jv,n is 
in (fc(DnC)). 

13.3. Another space Z u associated with □. Define Zu to be the (LG)u- 
symplectic orbifold which is the cut space associated with /i _1 (LGn (□)). There 
are two ways of defining it. The first one is as in [C3], where a holomorphic 
LG x (LG)n symplectic orbifold M.u was constructed, then Z a can be defined as 
the symplectic reduced space of the product IxM D . 
The other approach is given in [M] . 

The space Z a is compact, has a moment map $ whose image $(Z n n t) C □. 

If LGu Q G, i.e., □nC = 0, the two space Ga x-r^f/.n, Z a are related as twins 
in the sense of the previous section, where M, Mq would be Z n and Gn Xt -XjV,n 
respectively. In particular they share the same Riemann-Roch. 

On the other hand if □ flC ^ $j then we will see below how the Riemann-Roch 
are related. 



13.4. Riemann-Roch of X G: u and Z n - For w eW, clearly w(D n C) C wC. If 

W^ s preserves □, then Ad w W^ s preserves uO, w G W. 



In the following Wu will be used in place of W^ s . 
For Wu C W aS , there is the isomorphic subgroup Wq C W. The proof of this 
simple fact is identical to that of the last statement in Prop. 7.2. 

For each w is in W® , let w' denote the corresponding element in Wu ■ 

Lemma 13.3. For every pair w,w', there is a translating element v in the long 
root lattice so that w = vw' . 

Pf: This is a fairly simple fact. Since I can not find a reference for that, the 
proof is included. The proof is based on induction of the length of w. 

By applying an element in W, we may assume that □ n since W preserves 
the long root lattice. For such a □, all the simple roots of (lg)a are all simple, or 
contain cto- 

Suppose w is ri, then 
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is either /, or —0 depending on whether r[ is defined by a simple root of g or by 
ceo. Thus the assertion holds for elements of length 1. 

Assume it's proved for elements with length less n. Suppose w has length n, 
w = rwi with wi of length less n, and r is one of the generating reflections. By 
induction assumption w\ = V\w[, and v\ is a translation. One can write w' = r'w[, 
then 

w = rviw[ = rvir~ 1 rr'w' 1 = rv\r~ x rr ' w' — vw' , 

where both rvir^ 1 , rr' are translations by elements in the long root lattice. So is 
v as the composition of the two. QED 

The following is essential, it explains in geometric context the appearance of the 
lattice By the definition of M* , we have e ( k+h > = 1 on The first 

part generalizes Prop. 7.2. 

Proposition 13.1. 1). Let p a ,p be the half sum of positive roots of (lg) n ,0 re- 
spectively. Let D n ,D be their Weyl denominators, and w = vw' with w,w',v as in 
the previous lemma. 

Suppose A is of level k, then 

(13.2) 4 =e <«->»^»^. 



Ln particular, 



e x D a , e x M* 



(13.3) w— = -^-w'— on 

y J D D D n k + h v 

where v is the translation in the previous lemma. 
2). As function on T, the following holds 

f Td(F)Ch(L F 9 H) p(k+hnv Dn, f Td(F)Ch(L F g H) 
[ ' J F det(l-t- 1 e-^) D J F det(l - t^e-") 

where H is a bundle of level on which W afi acts. Lf there is no pole on 
then 

Td(F)Ch(£ F H) _ D n f Td(F)Ch{L F ® H) M* 



(13.5) W / : ; = = I 

1 ' J F dct(l-i- 1 e-°) D J F 



F det(l - i-^-") k + h v ' 

Pf: By conjugation, we may assume without loss of generality that □ H C=/= 0. 
The following is equivalent to the assertion, after applying the well-known trans- 
formation rule on the Weyl denominator: 

gtoA+p— top _ e (k+h v )v ^w' X+p a — w' p a 

which can be verified the same way as Prop. 7.2, replacing there by p n . 

To see the second part, lift w, w to N(T), they act on F, the normal bundle and 
Lp- Notice that the line bundle has level k, by assumption on the moment map p, 
i.e. the central part of Ig acts with weight k on the fiber. But the central part acts 
trivially on X , the action on the normal bundle is of weight 0. Thus if A is a weight 
on the normal bundle, we have wX — w'X. Hence, we have the desired identity as 
a consequence of part 1). QED 
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13.5. Moving Xjv n and the consequence. As we have mentioned earlier when 
FC_f has poles on fc ^jf fev , we can not replace wFCf by ^-w'FCf on . On the 
other hand, the function RRr(A/v,n, £j\r,n) is a polynomial, thus it can be evaluated 
everywhere. For that function, the following holds: 
The above transformation rule yields the following 

Corollary 13.1. 

RRt(-X"jv,d, LNjO) _ (k+h v )vDn , RRt C^CiV, □ ; ^N, □ ) 

[16.b) w - -e — w — ; 

Furthermore, 

RRx(-X"jv ,□, Ljfn) D D ,RRt(-X*jv,d, £jv ,□) M* 

(13.7) w — ■ — = — — w — ■ — on — 

v ; D D D a k + h v 

For Xg,d — G Xt Xjv,d ; one has 

(13.8) BR(X Gi n,L Gt n)= J2 u^- ■ uRR(Z n , L n ) on 

u£W/Wg 



Pf: The first one is an immediate consequence of Prop. 13.1, after one writes 
both sides in terms of the T-fixed points contributions. 

Since the function RRx(A/v jn , £at,d) is the equivariant index of a spinC complex 
defined by the pair A/v,o, i«,o, it is a well defined function everywhere. Hence we 
can evaluate on the lattice fc ^ fev to get the second formula. 

To see the next identity, expand RR(Xg,d, L G , n ) in terms of RR(Xjv,d, LN, □), 
then apply the first and second identity to yield 

(13.9) 

BR{X Gi n,LG,n) = w p 

EKRt(Xn ,□, Lpf n) 
uw — ■ — 
D 

u£W/Wg,wGWg 



v D ^ D a > k + h v ' 

it is easy to recognize the sum J2 W 'ew a w' KRT ^ X ^ ) ,a ' LN,DS> is simply the Riemann- 
Roch of the space (LG)n xt Xn, u - How is it related to Z a ? They are twin-pairs 
as discussed in the last section, replacing M, G there by Z n , (LG) n - Thus one has 

D M* 

(13.10) RR(X G , n ,L G , n ) = V u(-=fKR(Z n , L n )) on — . QED 

z — ' D k + h 

ueW/Wg 

So the above relates the Riemann-Roch of G-space X G ,n and the LG u n-space 
{Z u a '■= uZg} . 

The fig 13. 5| illustrates the relations between the intersections with t of the images 
of X G ,a and three Z ua - The three separate regions, inside the middle hexagon, 
with dotted lines are associated with X G<n . In this case W° ~ W, the image of 
Z a meeting t inside one of the regions filled with dashed lines. What are the other 
two identical regions? If one starts with in this case u ^ I,r3, then W® n ~ W 
holds as well. And one of the other two regions will contain the intersection of the 
image with t of uZn ■ 
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Figure 13.3. Locations of the images of Xq.u and {Z u a}. 



In the second figure, Wn — ^2, thus W° is not the same as W, W/W® has 
three elements. The union of the six short segments inside the hexagon contains 
fx(X(3 t n) H t. The long segments contain the intersections with t of the images of 
{uZ a }- 

13.6. The final step. Proof of the Main Theorem: Step 1: By cutting and apply- 
ing Cor. 13.1, we first cancel the contributions to RRg(F), from the fixed point 
set F with <fi(F) 6 w(dC \ C aff ). The cancellation below is implicit when applying 
Cor. 13.1. 

By the fundamental property of cutting, one has 
T>T3fv\ \ " RR(^jv) 

RR ( r ) = 2^ w — j) — 

= E W ^ E (-l) COdimD RRT(^n) 
wEW nnC#0 

= E (-i) codimD E ^^t(x n ,u) 

□ nc/0 wew 

= E (-I)™" 1 " E »^«RR(Z n ) on 

□ nc#0 u<ew/w° 

where the last step uses Cor. 13.1. See the figure for the translations of the images 
of </>(-Xjv,a), similar actions are taken place for the varieties with images lying on 
the lower dimensional □ which are not illustrated. 

Step 2: Localize to V. It should be clear that uKR(Z n ) = RR(Z un ). While the 
intersection of the image of Z a with t is in (□), the image of uZ a is in 

uW* s {U) = Ad u (vO(«°) = W^{uU). 

Each r G {e 2lxlv fe + hV |A € P+j is a generic element in T, hence the connected com- 
ponents of T-fixed points in Z u u, denoted by {V}, must have image under moment 
map in t. Each V is an orbifold, and is symplectic, by general theory on fixed 
point sets and the fact that Z u u is a symplectic orbifold. We may apply Prop. |l2.l| , 
replacing M, G, V there by Z ua ,K,V where K = (LG) u n. The collection {A} 
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>-'(□) 



r(D) 



Figure 13.4. Comparing varieties with images differed by trans- 
lation elements in W aS 




'(□) 




A 


i r '(A) 



Figure 13.5. After translation and the twin pair comparison 

there is now replaced by {uw'(0 n C)\w' € W^ s } which is denoted by {A'} in the 
following. Denote by Qi a face of u(0 n dC), and 

Q = Ad u w{Q 1 ), Q' = Ad u w'{Qi) 

where w' € W^ s and w is the corresponding element in W®- We obtain 

u(RR(Z d ))(t) 
= RR(Z„ d )(t) 

Td(V Q ,)Ch(L v © A max nor(^, V A >)) 



? ^ A |Wb'||/v ,| ? A . d.-t , , v k-,ci-/ '-'-) 



The varieties {Z u ' a } have images as in the following figure: 

Step 3: Transporting Vq> . The transporting here are in the directions opposite 
to the arrows in the figure 13.6 One does not simply get back the result in the 
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beginning, since the cancellation has already taken place. This is an important 
realization. 

Two observations can be made here: Each integral J v ; in the above is finite, 
when evaluated at r, because Va<i u w'(Q) is a connected component of r- fixed points 
in Zq , so the action by t on the normal bundle is non-trivial, thus the denominator 
is well defined at r. Second observation is that one can apply Prop. 13. 1| 2) to 
this situation. To make this more explicit, let Ad u w — sAd u w' where s is a 
translation defined by an element in the long root lattice, according to Lemma 
13.3. For each Ad n w'(p (~l C), there is the corresponding Ad u w(d n C), obtained 
by shifting — s. Likewise Ad u w(Qi) is obtained from Ad u w'(Qi) by shifting — s. 
The corresponding varieties Vq C Xq have a similar relation s~ 1 {Vq) = V- s (q\ C 
s (Xq) = AT_ s (q), and s~ 1 (Vq) is a connected component of r-fixed points, since 
the translation commutes with T-action. 

The denominator is given by 

det (l-r'e-^Wflo det (1 - rV"), 

nor(V Q ,,X£,) nor(VQ,Xq) 



thus we obtain the following relation as a consequence of Prop. 13.1 



e (fc+^)- u ^E / ® A max nor(V r Q> , Va')) 

U D Jv Q , det nor(VQ ,^)(l -t~ l e- n ) 
Td(y Q )Ch(£y Q g A max nor(VQ, V A )) 
v Q dct nor(VQ X G ) (l - t-i e - n ) 

where Q' = uw'{Q\), Q = uw(Q\) with Qi a face of □ fl C. 

Both sides have no poles at r since t s tIv q , acts on the normal bundles with 
no eigenvalue. Evaluate them at r e exp( k ^ hv ), i.e. e( fe+ ' 1 ) s ' = 1, for Q — sQ', 
A = sA', one has the following 

RR(F)(r) 

= E (-D codimD E « E w^-i S 

(13.11) nnc#0 uew/wg weAd^Wa 1 yn ^ Ql teTiv Q 

/■ Td(y Q )Ch(L VQ A max nor(y q ,y A )) 
VQ Jv q det nor(yQiXg) (l~i-i e -") 

.Step ^: Eliminate the extra things. Next, we will write the above in a concise 
form. To see further cancellation, it is easiest to write the integrals above in terms 
of the T-fixed points contribution: 

1 ^ f Td(V Q )Ch(L VQ (BA™*nor(V Ql V A )) 

V Q 

= S. \If\S Jj <l.<t - / ! « !? i 



J_ f Td(F)Ch(L F ©A max nor(l/ Q ,y A |f)) 

FCVq 1 * 1 ter/ F • 



Substitute the above into Eq. (13.11), then we will treat those terms according to 
the type of F: 

a) . (f)(F) is on a cut defined by di with dim Di < I = dimt. 

b) . 4>{F) is on some wQ,Q C <9C\C aff ,; but not on Di with dimDi < I — dimt. 

c) . 4>(F) is on some wQ with Q C C aff ; but not on with dimDi < I = dimt. 
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d). <j>(F) is neither on any wQ,\/w £ W, VQ C dC nor on Di with dim Di < / = 
dim t. 

Obviously, the above covers all possibilities for 4>(F). We claim the contributions 



of F of the first two kinds amount to in Eq. (13.6). 

In the first case, suppose u(0 1 DC), u(Qi) are the smallest among u(nnC), u(Q) 
containing <fr(F). Fixing a u(Q) D u(Qi), and u(0) D «(□].), what is the integrand 
in the above integral? 

For convenience of notations, assume below that u = I. 

Let us take a moment to discuss the weights on noi(F,VQ na ) and the bundle 
nor(VQ nn , V u )\f- Suppose that A n = {5} is a basis of weights in □ normal to 
By the construction of the cut space we know in /i _1 (t), there is the set F whose 
quotient under the subgroups Tq x T Dl is F, here LieTQ is normal to Q, LicT ni is 
normal to □].. Now assume that Tp stabilizes a generic point on F, then F is fixed 
by T iff 

LieTp © LieTb, © LieT Q = t. 

The proof of the above follows from that of Lemma 3.1. Let {A}, {7} be weights 
of tQ,tp respectively, as in Prop. 4.3, (replacing t z there by 1q), and let $ be the 
roots of the group (LG)q which is the stabilizer in LG of Q. 
Each t G T comes from a product of a triple 

tp ■ t ai ■ tg eTp ■ T Ul ■ Tq, 

the finite ambiguity of the choice of the triple causes F to be an orbifold singularity. 
So the orbifold weights on the normal bundle of F in Xq^u can be described as 
follows: 

\(t)=Mt Q ); 7 (*)=7(*p); 
o(t)=5(t ni ); t3(t)=0(tp) 

the verification of the above is the same as Prop. 4.3. 

The normal bundle nor(VQ n n, Venn) If has weights given by X(t) — A(£q),A ^ 
Aq where Aq is the subset of {A} not parallel to Q. 

One realizes in the above that for different O D D 1: the only difference in the in- 
tegrand is the term flaeA (1 ~ e -2^i<a,t+i/47r dA>^ a pp earm g m th e denominator, 
here B is the form representing the Chern class of the principle bundle correspond- 
ing to the orbit of T Dl . 

Let D a (s), Db(s) be the same as in Section 11, and D' be defined the same as 
Do except only those 7 tangent to Di will be involved. We have the following 
representation of the integrand: 



^ -j^codimD ^ y I 



Td(F)Ch(L F ffiA max nor(y Qnn ,^cnn)|F) 



COD 1 UeU n°r(FX Qnn 



E 



det nor(F ,xg nD) (l 
Td(T)Ch(T F ) 



x V"V_i \codimn \ 

2_/ > rL 6 A D (i-e-<^+i/^>) 





FIXED POINT FORMULAS AND LOOP GROUP ACTIONS 



75 



since 

\ V -i \codimD \ r\ 

2^ > noeAD(1 _ e -<a^ + l/4^^> ) - • 

As for F of the second type, 4>(F) is in the interior of U w w(C), but on a wall 
of Weyl chamber w(Q). The sum of the integrals over various Q' with Q c Q' 



was already shown to be in the proof of the Prop. 12.1. The argument there for 
those fixed points appearing on the boundary of the Weyl chamber shows the same 
cancellation here. 

Therefore, only F in c) or d) survives. We do recognize these two types, F of 
type c) are those produced by the intersection of r fixed point set V , with the 
compactification locus corresponding to w(C aff ), i.e. the affine walls. Those of 
type d) are the fixed point sets in X with images in W(C mt ). Thus we have the 
following form for RR(F) when evaluated at t: 

(13.14) 

RR(Y) = FC ( F ) 

{F\4>(F)i£W(C i ' lt )} 

1 f Td(F)Ch (Lp g A max nor(F Q , Y)\ F ) 

^ \Wq\\I f \ ^ J F det norfF y-nl (1 -s~ l e- u ) 

The first sum is over the true fixed points onlfl n~ 1 (W(C)), the absence of the 
isotropy group lp is due to the smoothness of Y at the interior fixed points, since 
no cutting passes such F. The second sum is over those fixed points lying on the 
intersection of the compactification locus Yq and a r- fixed point set component. 
The only explanation needed here is that 

Ch(nor(F Q ,r A )| F ) = Ch(nor(VQ nDl , V cnD )| F ) 

which is obvious in terms of these weights A with A 6 Q. 

Thus we obtain the second expression for RR(y)(r) in the main theorem. The 
first one can be obtained easily now by localize the integrals over Va, Vq to their 
fixed points. QED. 

We emphasize that there are plenty of T-fixed point sets on the compactified 



locus, they do not contribute to the formula in Eq. ( 13.14 ) unless they are on the 
compactified T-fixed points. 
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